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QUASI-COMPACT GROUP SCHEMES, HOPF SHEAVES, AND
THEIR REPRESENTATIONS
ALVARO RITTATORE, PEDRO LUIS DEL A´NGEL, AND WALTER FERRER SANTOS
Abstract. We develop a representation theory for quasi-compact k–group
schemes that are extensions of an Abelian variety by an affine group scheme.
We characterize the categories that arise as such a representation theory, gen-
eralizing in this way the classical theory of Tannaka Duality established for
affine group schemes. We also prove the existence of a (contra-variant) equiv-
alence between the category of affine extensions of an Abelian variety A by an
affine group scheme and the category of Hopf sheaves over A, generalizing in
this manner the well-known equivalence between the categories of affine group
schemes and commutative Hopf algebras. If G is a quasi-compact k–group
scheme and HG its corresponding Hopf sheaf, we prove that the representa-
tion theory of G is equivalent to the category of HG–comodules.
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1. Introduction
Roughly speaking, given a certain family of objects R (the “representable ob-
jects”) and a fixed basic monoidal category V , a “representation theory” consists
in the association to an element r ∈ R, of a pair (Rep(r), U : Rep(r)→ V), where
Rep(r) is a monoidal category and U a monoidal functor (the forgetful functor) —
eventually with certain additional properties depending on the situation under con-
sideration. One aspires to “reconstruct” each r ∈ R in terms of the corresponding
pair
(
Rep(r), U), and also to describe intrinsically all the pairs that are “the rep-
resentation theory of r” for some r. Examples of this situation appear for example
when one considers: the categories of groups with additional structures (abstract,
topological, Lie, affine algebraic); of general algebras; of Lie algebras, etc. The
so–called Tannaka Duality deals with two key problems of this line of thought and
it is generally presented as an answer to the two following questions (see [24], [40]
or [46] for a more precise formulation):
The Reconstruction Problem: can a “representable object” be described in terms
of its category of representations?
The Recognition Problem: can a “category of representations” be described in-
trinsically?
It is worth mentioning that the theory of Tannaka Duality was generalized to a
categorical context: the relevant concept of “tannakian adjunction” was developed
and some of the classical results were generalized and clarified (see [46] and [24]).
Heretofore, and concerning the category of algebraic groups or more generally
of group schemes, the representation theory was mainly developed for affine group
schemes — in this paper, we work with schemes defined over a field k of arbitrary
characteristic; frequently we use the term schemes rather than k–schemes —. The
representation theory of affine algebraic groups is strongly related to the more
general study of their actions. Examples of significant accomplishments in the
area are for example: the completion of the structure theory of reductive affine
group schemes (see [15]), the development of the geometric methods in invariant
theory (see [29]), or more generally the theory of transformation groups (see [25]).
In particular, a Tannaka Duality theorem was proved: Saavedra first presented a
proof in [37] which was later observed to have some mistakes. A correct proof of
the result was produced afterwards by Deligne and Milne in [16]; see also [17].
More precisely: recall that given an affine group scheme G, a representation (or
rational G–module) is a morphism of group schemes ρ : G → GL(V ) (V a finite
dimensional vector space) or equivalently the data of a regular action ϕ : G×V → V ,
such that for any g ∈ G, ϕg : V → V , ϕg(v) = ϕ(g, v), is linear; see Section 2
below. It is well known that Rep(G), the category of representations of an affine
group scheme, is a monoidal, abelian, rigid category; we denote as ω : Rep(G) →
Vectk the forgetful functor, that associates to each G–module (V, ρ) the underlying
vector space V , and to each morphism of G-modules, the corresponding linear
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transformation. The functor ω is monoidal and in this context Saavedra-Deligne-
Milne’s result can be stated as follows:
Theorem (Tannaka Duality for affine group schemes).
(1) Reconstruction Theorem: Let G,G′ be two affine group schemes such that their
categories of representations Rep(G) and Rep(G′) are equivalent as monoidal cat-
egories with a forgetful functor — that is there exists an equivalence of categories
Rep(G) ∼= Rep(G′) that commutes with the monoidal structures and the forgetful
functors. Then G and G′ are isomorphic group schemes as group schemes.
(2) Recognition Theorem: Let C be a monoidal, abelian, rigid category, together
with an exact faithful monoidal functor ω : C → Vectf,k. Then (C, ω) is equivalent
(as a monoidal category with forgetful functor) to the category of rational represen-
tations of the affine group scheme G consisting of the tensor automorphisms of ω
together with the usual forgetful functor. 
The previous formulation of the Tannaka Duality Theorem, that is consistent
with the original as presented by Saavedra, is also connected with the one described
by Joyal and Street in [24] (see also [40] or [46]), via the identification of the rational
modules for G with the comodules for the Hopf algebra k[G].
Let G be an algebraic group scheme (that is, a group scheme of finite type, see
Definition 2.1). It is easy to see that the naive attempt to define the category
of representations of G as a direct generalization of the affine situation, yields
a category which does not fulfill our needs, as it is too small to determine G.
Indeed, define Vfin(G) as the category that has as objects the morphisms of group
schemes ρ : G → GL(V ) where V is a finite dimensional vector space, and arrows
the G–equivariant linear transformations. If G is an anti–affine algebraic group
(that is, OG(G) = k, see Definition 2.22), then the unique morphism of group
schemes G → GL(V ) is the (trivial) morphism given by the assignment g 7→ idV .
This trivialization property characterizes anti–affine group schemes, as is proved
for example in [8, Lemma 1.1]; clearly the above result is also true for an arbitrary
affine algebraic group H instead of GL(V ). Hence, the category Vfin(G) is Vectk
for any anti-affine algebraic group.
More generally, let G be an algebraic group defined over an algebraically closed
field k. As consequence of Rosenlicht decomposition (see [8, Proposition 3.1] and
Theorem 2.24 below), G = GaffGant and G is the quotient of Gaff ×Gant by Gaff ∩
Gant, where Gaff is given by the Chevalley decomposition and Gant is the largest
anti–affine closed subgroup scheme of G. Observe that this is equivalent to the
following diagram being a cocartesian square (push-out) in the category of algebraic
group schemes.
Gaff ∩Gant

// Gant

Gaff // G
In this context, the Rosenlicht decomposition of G allows to characterize Vfin(G)
as follows.
Lemma 1.1. Let G be an algebraic group and ρ : G → GL(V ) a morphism of
group schemes, where V is a finite dimensional vector space. Then Gant ⊆ Ker(ρ)
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and ρ is determined by its restriction to Gaff . Moreover, the category Vfin(G) is
equivalent to Repfin
(
Gaff/(Gaff ∩Gant)
)
, the category of finite dimensional rational
modules for the affine group scheme Gaff/(Gaff ∩Gant).
Proof. The universal property of the quotient guarantees that for an arbitrary
algebraic group H there is a bijection between morphism of group schemes ρ : G→
H with pair of morphisms ρant : Gant → H , ρaff : Gaff → H that extend the same
morphism Gaff ∩Gant → H , see diagram below:
Gaff ∩Gant
xx♣♣♣
♣♣♣
''◆◆
◆◆◆
◆
Gaff
ρaff
❃
❃❃
❃❃
❃❃
❃❃
❃❃
''◆◆
◆◆◆
◆◆
Gant
ρant
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧⑧
⑧
ww♣♣♣
♣♣♣
♣
G
ρ

H
In the case that H is affine the morphism ρant is trivial and hence the restriction
of ρaff to Gaff ∩ Gant is trivial. Hence taking H of the form GL(V ), the bijection
between the objects of Repaff,fin(G) and Repfin
(
Gaff/(Gaff ∩Gant)
)
is clear.
On the other hand, it is easy to see that a linear transformation f : V → W is
a morphism of G–modules, if and only if f is a morphism of
(
Gaff/(Gaff ∩Gant)
)
–
modules. 
Motivated by previous work of Brion, Rittatore and others on the structure of
group and monoid schemes (see for example [7], [8], [9], [10]) and on their actions
([6], [11]), and taking into account the mentioned obstruction to the naive approach,
we propose a representation theory not for isolated group schemes, but for what
we call affine torsor extensions of Abelian varieties (that is, extensions over a
connected, smooth, proper, group scheme, see Definition 2.1). Roughly speaking, an
affine torsor extension is a generalization of Chevalley decomposition for algebraic
groups (see Theorem 2.11): it is an H–torsor q : G → A (see definitions 2.3–2.5),
where A is an Abelian variety, H an affine group scheme, and q a morphism of group
schemes that fits into a left short exact sequence. That is, an affine torsor extension
is a short exact sequence of group schemes S : 1 // H // G
q // A // 0 , with
H affine and such that q is an H–torsor. A representation for S is built on an
homogeneous vector bundle over A — that is, a vector bundle E → A such that
E ∼= t∗aE for any traslation by a geometric point a ∈ A.
Recall that the morphisms between two homogeneous vector bundles E and E′
over A are the morphisms f : E → E′ that induce a traslation ta : A → A, and
are linear on the fibers, see Definition 3.4. It is well known that the so–called
automorphisms group Autgr(E) of such a vector bundle (see Definition 3.4) is an
algebraic group, with Chevalley decomposition:
1 // Aut0(E) // Autgr(E) // A // 0,
where Aut0(E) is the group of automorphisms of E in the “classical” sense, i.e. the
corresponding translation is the identity.
An S–module is a morphism of group schemes ρ : G → Autgr(E), such that
induces the identity on A. In other words an S–module is a morphism of affine
A REPRESENTATION THEORY FOR QUASI-COMPACT GROUP SCHEMES 5
torsor extensions:
1 // H //
ρ|H

G
q //
ρ

A // 0
1 // Aut0(E) // Autgr(E) // A // 0.
We define the category Rep(S) of S–modules as follows: its objects are the
S–modules and its morphisms are the G–equivariant morphisms of homogeneous
vector bundles (see Definition 3.22).
If G is an affine group scheme, then we can consider the affine torsor extension
1 // G // G
q // 0 // 0 . In this case, a representation is a vector bundle
over Spec(k); that is, a vector space. Hence, the previous definition generalizes
that of a rational representation of G.
Once we have a candidate for an adequate representation theory for an affine
torsor extension, it is natural to search for a corresponding Tannaka Duality Theo-
rem as such a result would guarantee that: a) the representation theory we propose
allows us to classify the extensions (Reconstruction Theorem 4.8); b) by means of
the proposed category, the mentioned classification is obtained in the best possible
way (Recognition Theorem 5.1). One of the main difficulties to overcome in this
context is that the categories or representations are not fully monoidal, but sat-
isfy a weaker condition — the representation theory of an affine torsor extension is
monoidal only “in degree zero”, see remarks 3.14 and 3.21.
As expected in view of the results and methods of the affine case, in order to
establish a version of the Tannaka Duality in our context one should deal with affine
torsor extensions that are inverse limits of affine torsor extensions of finite type (that
is, such that the corresponding groupsH andG are algebraic group schemes); we say
in this case that the extension is pro-algebraic. This family includes the connected
quasi-compact groups over an Abelian variety A: by a result of D. Perrin, any
connected quasi-compact group G is a projective limit of a family {Gα} of finite
type group schemes. Moreover, the Chevalley decompositions Sα of Gα are affine
torsor extensions of the same connected, not necessarily smooth, proper group
scheme A (see [30] and Theorem 2.36 below); therefore G fits in S = limα Sα, the
projective limit of the affine torsor extensions Sα. In particular, this limit S is
itself an affine torsor extension of A (see Theorem 2.36 below); we say that G is a
quasi-compact group scheme over A.
In view of the preceding considerations, we begin by studying inverse systems of
affine torsor extensions (see Section 2.4), to obtain information about their limits:
we show that the inverse limit of affine torsor extensions of finite type is an affine
torsor extension (see Proposition 2.29). With regard to the proofs of these kind of
results, we need to pay special attention to the inverse limits of anti-affine torsor
extensions (Theorem 2.31). As a consequence of our methods, we obtain a slight
generalization of Rosenlicht decomposition theorem (see Theorem 2.43).
Once we have established the necessary results on inverse limits of affine tor-
sor extensions, we establish the relationship between the category of representa-
tions of S : 1 // H // G
q // A // 0 and that of its affine factor H . If we
call Rep0(S) the subcategory of Rep(S) with the same objects and arrows the
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morphisms of homogeneous vector bundles that fix the base A (that is, the G–
equivariant morphisms of vector bundles), we prove that Rep0(S) is equivalent to
Repfin(H), the category of finite dimensional rational representations of the affine
group scheme H (see Proposition 3.29 and Theorem 3.32). Finally, in Lemma 3.35
we show that HomRep(S)(X,Y ) is a homogeneous vector bundle for any pair of
S–modules.
In Section 3.3 we collect two useful properties of the category Rep(S): the char-
acterization of affine torsor extensions of finite type as those having a faithful rep-
resentation (Theorem 3.41) and the characterization of a closed sub-extension of an
algebraic affine torsor extension S as the stabilizer of a homogeneous line bundle in
an S–module — both results are well known in the setting of affine group schemes.
Section 4 is devoted to the proof of the Reconstruction Theorem 4.8 for pro-
algebraic affine torsor extensions. The proof follows the general pattern of the
proof by Deligne and Milne for the case of affine group schemes ([16]), performed in
our category. As a consequence, we show in Corollary 4.9 that the quasi-compact
group schemes over an Abelian variety A are characterized by the representation
theory of their Chevalley decompositions. In Proposition 4.11 we present some easy
consequences of the Reconstruction Theorem characterizing some types of groups
in terms of their representations: extensions of finite groups, algebraic extensions
and trivial extensions. In Section 5 we present and prove the corresponding Recog-
nition Theorem 5.1 presenting therein a characterization of the categories that are
equivalent to the representation category of a pro-algebraic affine torsor extension.
Once we have constructed an adequate representation theory for pro-algebraic
affine torsor extensions — in the sense that the representation theory satisfies a
full Tannaka Duality Theorem —, we develop some tools that could be useful for
further developments. In particular, in Theorem 7.20 we characterize pro-algebraic
affine torsor extensions as the ones such that the restriction of the projection q to
the center is surjective.
In Section 6 we generalize the well known equivalence between the category of
affine group schemes and commutative Hopf algebras, by developing the notion of
Hopf sheaf (Definition 6.10). A Hopf sheaf is a (homogeneous) sheaf over an Abelian
variety A, with properties reproducing the behavior of the sheaf of OA–algebras
q∗(OG), where 1 // H // G
q // A // 0 is an affine torsor extension. Notice
that the sheaf q∗(OG) characterizes the morphism q : G→ A as follows for example
from [23, Exercise 5.17]. Moreover, if H is a Hopf sheaf over A and we consider the
affine morphism q : Spec(H)→ A, then q fits into an affine torsor extension if and
only if the corresponding Hopf sheaf is a Hopf torsor sheaf. Hence, the category of
Hopf torsor sheaves over the Abelian variety A turns out to be equivalent to the
category of affine torsor extensions of A (Theorem 6.12). Under this equivalence,
closed sub-extensions correspond to Hopf ideals (Proposition 6.18).
A drawback of the proposed definition of S–module is that there is no clear
generalization to the infinite dimensional (but locally finite) case, as one can do
for affine group schemes by means of the notion of rational G–module (see for
example [20, Definition 5.3.7]). Indeed, whereas an infinite dimensional k–space is
a limit of finite dimensional subspaces, an adequate notion of “infinite dimensional
vector bundle” convenient for our purposes doesn’t seem to be available. Therefore,
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we propose an alternative definition of S–modules, based on the notion of G–
linearized sheaf (see Definition 7.5 and, for example, [29, page 30]). The category
of sheaf representations of S is the category of quasi-coherent, locally free, flat,
homogeneous S–linearized sheaves. The category of S–modules is equivalent to the
full subcategory of coherent sheaf representations (see Theorem 7.8). In this way,
the category of sheaf representations can be seen as the completion by colimits of
the category of S–modules, at least for locally isotrivial affine torsor extensions
(Proposition 7.22); this completion has, of course, “infinite dimensional” objects.
Given a Hopf torsor sheaf H, the use of the category of quasi-coherent, locally
free, homogeneous sheaves allows also to establish the notion of H–comodule (see
Definition 7.10). As expected, the category of q∗(OG)–comodules of finite rank is
equivalent to the category of rational representations of the corresponding affine
torsor extension (see Definition 7.7 and theorems 7.18 and 7.19). As a consequence
of this fact, we characterize pro-algebraic extensions as the affine torsor extensions
admitting a Rosenlicht decomposition (the Rosenlicht extensions) in Corollary 7.21,
as a consequence of the fact that a Hopf sheafH is a rationalH–comodule (Theorem
7.20).
We finish by presenting a linearization result for actions of pro-algebraic affine
torsor extensions in Proposition 7.26.
Acknowledgments: The authors would like to thank ANII (Uruguay), CIMAT
(Mexico), CONACyT (Mexico) and CSIC (Udelar, Uruguay) for partial financial
support. We also thank Michel Brion for several useful discussions, in particular for
pointing us to previous work on quasi-compact group schemes by D. Perrin ([30],
[31]).
2. Extensions of abelian varieties by affine group schemes
2.1. Group schemes and their actions.
Definition 2.1. A k–group scheme G — or group scheme over k — is a k–scheme
together with a multiplication morphism mG : G×G→ G, an inversion morphism
iG : G→ G and an identity morphism e1 : Spec(k) = {1} → G satisfying the usual
commutative diagrams. If G is of finite type, we say that G is an algebraic group
scheme. An algebraic group is a reduced algebraic group scheme (that is, a group
scheme that is an algebraic variety). An Abelian variety is a smooth, connected,
proper group scheme — an Abelian variety is necessarily a commutative group.
When convenient, we will see a group scheme G as a representable functor G :
Schop → Groups— if T is a k–scheme, then G(T ) together withm(T ), iG(T ), e1(T )
is the group of the T –points of the scheme G.
A morphism of group schemes between G and G′ is a morphism of k–schemes
ϕ : G→ G′, such that the following diagrams are commutative:
G×G
mG //
ϕ×ϕ

G
ϕ

Spec(k)
e1 //
e′1 ##●
●●
●●
●●
●●
G

G
iG //

G

G′ ×G′ mG′
// G′ G′ G′
iG′
// G′
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An action of a k–group scheme G on a k-scheme X is a morphism of schemes
ϕ : G×X → X , satisfying the usual commutative diagrams. In this situation the
scheme X is said to be a G–scheme.
It is well known (see for example [26]) that to give an action of G is equivalent
to give a morphism of functors (that is, a natural transformation) φ : G→ AutX :
Schop → Groups , where AutX is the so called automorphism group functor. Given
a scheme S, we define the group AutX(S) ⊆ AutSch(X × S) as follows:
AutX(S) =
{
θ : X × S → X × S : θ(x, s) =
(
α(x, s), s
)
, α : X × S → X
}
.
Equivalently, θ ∈ AutX(S) if the following diagram commutes
X × S
θ
∼=
//
p2

X × S
p2

S
id
// S
in which case α = p1 θ (see for example [26] or [10]).
Given two G–schemes X and Y , a morphism f : X → Y is G–equivariant (or
a morphism of G–schemes) if the following diagram is commutative, where the
horizontal arrows are the corresponding G–actions:
G×X //
id×f

X
f

G× Y // Y
Remark 2.2. (1) Let f : G → G′ be a morphism of group schemes. Then the
scheme-theoretic image f(G) is a smallest closed subgroup scheme of G′ containing
the image of f . Recall that if
G1
f1 //
f

G′1
g

G2
f2
// G′2
is a commutative diagram of group schemes, there is a unique morphism h :
f1(G1)→ f2(G2) that fits in the commutative diagram:
G1
f1 //
f

f1(G1) //
h

G′1
g

G2
f2
// f2(G2) // G′2
This fact is an easy consequence of the corresponding property for morphisms of
schemes (see for example [45, Tag 01R5] or [23, Chapter II, Ex. 3.12]).
(2) Recall that the center Z(G) ⊂ G is a closed subgroup scheme.
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2.2. Torsor extensions of Abelian varieties by affine group schemes.
Definition 2.3. Let G be a k–group scheme, X a G–scheme with action ϕ and
f : X → Y a G–invariant morphism of schemes, f is a G–torsor of a torsor under
G if:
(1) f is quasi-compact and faithfully flat;
(2) The morphism G × X → X ×Y X induced by ϕ and the projection over
the second coordinate, is an isomorphism; in other words, the commutative
diagram below is cartesian:
G×X
ϕ //
p2

X
f

X
f
// Y
Definition 2.4. Let j : N → G and q : G→ Q two morphisms of group schemes.
The sequence
S : 1 // N
j // G
q // Q // 1
is an exact sequence of group schemes if and only if:
(1) the sequence S is left exact; that is, the sequence 1 → N(S) → G(S) → Q(S)
is exact for every k-scheme S — equivalently, Ker j is trivial and j induces an
isomorphism Ker q ∼= N .
(2) For any k–scheme S and any y ∈ Q(S), there exists a faithfully flat morphism
f : S′ → S of finite presentation and x ∈ G(S′) such that qS′(x) = Q(f)(y) ∈ Q(S′).
Definition 2.5. Let A be an Abelian variety. An affine extension of A is a left
exact sequence S : 1 // H // G
q // A // 0 , with H = Ker(q) an affine
group scheme and q a surjective affine morphism (by surjective morphism we mean
a morphism such that for any geometric point a ∈ A(k) there exists g ∈ G(k) such
that q(g) = a.
If q : G→ A is a torsor under H , we say that S is an affine torsor extension of
A.
If an affine extension is a short exact sequence (that is, S verifies also Condition
(2) of Definition 2.4), we say that S is an exact affine extension of A.
If the torsor q : G→ A is locally trivial in the e´tale topology (see for example [43,
§ 2.2]), we say that the sequence S is a locally isotrivial affine (torsor) extension of
A. Observe that local isotriviality implies condition (2) of Definition 2.4. In other
words, a locally isotrivial affine torsor extension is exact.
We complete the definition of the category of affine extensions by considering
the following morphisms.
A morphism of affine extensions is a commutative diagram,
(2.1) S :

1 // N
j //
fN

G
q //
f

A // 0
S ′ : 1 // N ′
j′ // G′
q′ // A // 0
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where S, S ′ are affine extensions, and fN , f are morphism of group schemes.
We say that S are S ′ are isomorphic if fN and f are isomorphisms.
Remark 2.6. The above definition of morphism between affine extensions is the
one more convenient for our purposes, but it is more restrictive than others that are
considered in the literature. For example it is usual to define a “morphism” S → S ′
without the restriction that in Diagram (2.1) the third vertical arrow fA : A → A
is the identity. Under this more lax definition, two exact affine extensions S, S ′
satisfying Diagram (2.2) below are called equivalent.
(2.2) S :

1 // N
j //
fN

G
q //
f

A //
fA

0
S ′ : 1 // N ′
j′ // G′
q′ // A // 0
It is clear that if two affine extensions S are S ′ equivalent, then the affine exten-
sion S ′′ obtained from S post composing q with the given isomorphism fA : A→ A
is isomorphic to S ′.
Remarks 2.7. (1) Note that if a group scheme G fits into an affine torsor extension,
then G is quasi-compact. See Theorem 2.36 below for a partial converse due to
D. Perrin ([30]).
(2) If S is an affine extension, then Condition (2) of Definition 2.3 is satisfied.
Indeed, the morphism ϕ in the diagram below exists by the universal property of
the fibered product — here and below m : G×G→ G and i : G→ G are, as usual,
the inverse and the multiplication in G respectively.
H ×G
ϕ
%%
m|(H×G)
""
p2
&&
G×A G
p2 //
p1

G
q

G q
// A
The morphisms G×A G
  // G×G
id×i // G×G
m // G and p2 : G ×A G → G
induce a morphism ψ : G×A G→ G×G, that composed with q × id is 0× id and
then, has image ψ(G×AG) ⊂ H×G. The factored morphism ψ : G×AG→ H×G is
clearly ϕ−1. Observe that ϕ(h, g) =
(
m(h, g), g
)
and ψ(g1, g2) =
(
m(g1, i(g2)), g2)
for h ∈ H and g, g1, g2 ∈ G such that q(g1) = q(g2).
Thus, an exact affine extension is a torsor extension if q is faithfully flat and
quasi-compact.
(3) Let S be an affine torsor extension as above, then the morphism q is a categorical
quotient (since any torsor is so, see for example [10, §2.6]).
(4) If H ⊂ G is a normal subgroup scheme, of finite type, such that G/H is an
Abelian variety, then the canonical projection q : G → A is an H–torsor, and the
corresponding exact sequence is an exact affine torsor extension (see for example
[10, remarks 2.6.6 and 2.8.2]).
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(5) It is well known that if 1 // H // G
q // A // 0 is an affine torsor ex-
tension then G is of finite type if and only if H is of finite type, see for example
[10, Proposition 2.6.5]; if this is the case, we say that the extension is of finite type.
(6) If H is smooth, then the canonical projection q : G→ A is a smooth morphism;
in this situation we say that the affine torsor extension is smooth. It is well known
that in this case the extension is locally isotrivial. A particular case of this situation
is when H and G are algebraic groups, in which case we say that the extension is an
algebraic affine extension (see for example [34, Chapter XIV] and [43, Proposition
3]).
(7) We say that an affine torsor extension 1 // H // G
q // A // 0 is of anti-
affine type if G is an anti-affine group scheme (see Definition 2.22 below).
Examples 2.8. (1) If G is an affine group scheme, then the sequence:
1 // G
id // G // Spec k // 0 is a locally isotrivial affine torsor extension
of the trivial Abelian variety Spec k = {0}. Thus, an affine group scheme can be
viewed in a canonical way as an affine torsor extension.
(2) If A is an arbitrary Abelian variety, then 0 // 0 // A
id // A // 0 is a
locally trivial affine torsor extension. Thus, an Abelian variety can be viewed in a
canonical way as an affine torsor extension.
(3) Let f : A → A be an isogeny (i.e. a surjective morphism of abelian varieties
with finite kernel); then 0 // Ker(f) // A
f // A // 0 is a locally isotrivial
affine torsor extension.
Remark 2.9. It is well known that if S : 1 // H
j // G
q // A // 0 is an
exact sequence of abelian algebraic group schemes, one can guarantee the existence
of the push-forward by morphisms of group schemes ℓ : H → H ′, where H ′ is a
commutative affine group scheme:
S :

1 // H
j //
ℓ

G
q //

A // 0
ℓ∗S : 1 // H ′ // (H ′ ×G)/∆(H) // A // 0
where ∆ =
(
i ◦ ℓ, j
)
: H → H ′ ×G.
If S is an affine torsor extension, it is clear by construction that ℓ∗S is also an
affine torsor extension. Note that if H ′ is smooth, then ℓ∗S is locally isotrivial.
We will see later (see Corollary 2.17) that if S is locally isotrivial affine extension,
with H central in G and ℓ : H → H ′ is such that ℓ(H) is central in H ′, then ℓ∗S
exists and is a locally isotrivial extension.
Definition 2.10. A closed immersion of the affine extension T into the affine
extension S (both being extensions of A) is a morphism φ : T → S of affine
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extensions
T :
φ

1 // H ′ // _
ϕ|
H′

G′
q′ // _
ϕ

A // 0
S : 1 // H // G q
// A // 0
such that the vertical morphism ϕ : G′ → G (and therefore ϕ
∣∣
H′
: H ′ → H) is a
closed immersion.
If G′ ⊂ G and H ′ ⊂ H are closed subgroup schemes, then clearly the inclusion
T →֒ S is a closed immersion, we say that T is a (closed, affine) sub-extension of
S.
The following theorem was first announced by C. Chevalley in the 1950s and
published in 1960 in [14]. We present here a slightly more general version, due to
M. Brion (see [10, Theorem 2]). See Remark 2.13 below.
Theorem 2.11 (Chevalley, Raynaud, Brion). Every k–algebraic group scheme G
has a smallest normal subgroup scheme Gaff such that the quotient G/Gaff is proper.
Moreover, Gaff is affine and connected. If k is perfect and G is smooth, then Gaff
is smooth as well, and its formation commutes with field extensions — that is, if
k ⊆ K, then G(K)aff = Gaff(K).
Moreover, we have an exact sequence of k–group schemes (see Definition 2.4
above)
(2.3) 1 // Gaff // G
q // G/Gaff // 0
If G is an algebraic group, then G is an (algebraic) affine torsor extension of the
Abelian variety A = G/Gaff . 
Remark 2.12. If G is an algebraic group, then the sequence (2.3) is known as
the Chevalley decomposition of G. In this case Gaff is the largest normal, affine,
connected, smooth, subgroup scheme of G (see for example [10]).
The following uniqueness result follows easily. Assume that a given algebraic
group G fits in an exact sequence
1 // H // G // G/H // 0,
with H affine connected and G/H an abelian variety, then there are isomorphisms
f1 : H ∼= Gaff and f2 : G/H ∼= A, such the diagram of short exact sequences is
commutative:
1 // H //
f1

G //
id

G/H //
f2

0
1 // Gaff // G // A // 0.
It follows that Gaff is the unique normal, affine, connected, smooth, subgroup
scheme H such that G/H is proper. Indeed, if H is such a group, then Gaff ⊂ H by
the Chevalley decomposition theorem 2.11, and H ⊂ Gaff by the preceding remark.
If G is not smooth, then [10, Example 4.3.8] shows G can fit into two exact
sequences; in that example, the affine factor H is not the smallest connected affine
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subgroup scheme with quotient an abelian variety — in this case, the Chevalley
decomposition is an extension of a proper group scheme A, but A is not smooth.
Remark 2.13. In [30] (see also [31]), D. Perrin shows that any quasi-compact group
scheme is the projective limit of algebraic group schemes. As an easy consequence,
it follows that a connected quasi-compact scheme fits in a exact sequence
1 // H // G // G/H // 0
where H is an affine (and therefore quasi-compact) connected group scheme, and
G/H a (connected) proper group scheme. However, as we observed in the previous
Remark, this decomposition is not necessarily unique. See theorems 2.33 and 2.36
below.
Definition 2.14. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion. We say that S is a Chevalley decomposition of G if H is the smallest normal
subgroup scheme N of G such that the quotient G/N is proper.
Lemma 2.15. Let G be a algebraic k–group scheme and assume that G fits in an
exact sequence of group schemes
1 // H // G // G/H // 0
with H an affine connected normal subgroup scheme and G/H proper. Then
1 // Hred // Gred // (G/H)red // 0
is the Chevalley decomposition of Gred.
Proof. By construction Gaff ⊂ H and it follows that (Gaff)red ⊂ Hred. Now, since
Hred is affine and connected, then its Albanese variety isAlb(Hred) = {0} = Spec(k)
and so qG(Hred) = {0} ⊂ A; therefore, Hred ⊂ Gaff . 
Let G be an algebraic group, H ⊂ G a closed subgroup and X a quasi-projective
algebraic variety equipped with an H–action. Serre proved in [43] that the diagonal
action H × (G ×X) → G ×X , h · (g, x) = (gh−1, h · x) has a geometric quotient,
that we denote as G×H X . If (g, x) ∈ G×X , then we denote by [g, x] the class of
(g, x) in the quotient. Then G×H X is a G–algebraic variety (with action given by
g′ · [g, x] = [g′g, x]), and the canonical projection G×H X → G/H , [g, x] 7→ gH is
a fiber bundle, with fibers isomorphic to X .
Serre’s existence theorem stated above can be obtained as a straightforward
consequence of the theory of “faithfully flat descent”, as shown in [44, Lemma 2.2.3],
where the existence of the quotient G×HX is proved for affine torsors locally trivial
in the fppf topology. Furthermore, in [4] Bialynicki-Birula proved Serre’s result in
a slightly more general context. It is very easy to see that Bialynicki-Birula’s proof
can itself be slightly modified in order to prove the following existence result.
Theorem 2.16. Let 1 // H // G
q // A // 0 be a locally isotrivial affine
extension of the Abelian variety A. Let ϕ : H × X → X be an action of the
affine group scheme H on the algebraic variety X and consider the H–action ψ :
H × (G ×X)→ G×X, ψ =
(
m ◦ (p2, i ◦ p1), ϕ ◦ p13
)
, where p13 is the projection
in the first and third coordinates. Assume also that X admits an open covering
by quasi–projective open subvarieties that are H–stable. Then the scheme G × X
endowed with the H–action ψ admits a geometric quotient in the category of schemes
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(G ×H X, p : G ×X → G ×H X), in the sense of GIT, [29, pages 3,4]. Moreover,
G ×H X is an algebraic variety — called the induced space —, and the canonical
projection π : G ×H X → A, induced by q ◦ p1 : G×X → A, is a locally isotrivial
fiber bundle (i.e. locally trivial in the e´tale topology), with fibers isomorphic with
X.
Proof. For later use in the description of the representations of an affine torsor
extension, we present here a sketch of the proof of the existence of the quotient
G ×X → G ×H X , following [32, § 1.3.2] (see also [4]) — the proof developed in
the referred works applies straightforwardly in our setting, since q : G → A is an
H–torsor, and A is an algebraic variety.
Let a ∈ A be a geometric point and V ⊂ A an affine open subset such that
q−1(V ) is trivial in the e´tale topology. Then, there exists an open subset U ⊂ V
and an affine scheme U ′ such that ϕ : U ′ → U = U ′/K is a Galois covering and
q−1(U) ∼= (U ′ ×H)/K, where K is the associated Galois group (see [32, Corollary
1.3.11 and Lemma 1.2.10]). Call σ : K × U ′ → U ′ the Galois action. We consider
the action σ˜ : K × (U ′ ×H)→ (U ′ ×H) given by k · (u, h) =
(
k · u, fσ(u)h
)
, where
the existence and the specific conditions satisfied by the morphism fσ : U
′ → H
are imposed by the existence of the cartesian diagram:
U ′ ×H ∼= U ′ ×U q
−1(U)
ϕ˜ //

q−1(U) ∼= (U ′ ×H)/K
q

U ′
ϕ
// U = U ′/K
It follows then that we can define an actionK×(U ′×X)→ U ′×X by k ·(u, x) =(
k ·u, fσ(u) ·x). Then the quotient (U
′×X)/K exists and satisfies the commutative
diagram below:
U ′ ×H ×X

// q−1(U)×X

U ′ ×X ∼= U ′ ×U
(
(U ′ ×X)/K
)
//

(U ′ ×X)/K

U ′ ϕ
// U = U ′/K
Note that the bottom square of the diagram above is cartesian. It is easy to
prove now that the quotients (and diagrams) we have constructed can be patched
together in order to obtain a quotient G×X → G×H X . 
Corollary 2.17. Let S : 1 // H // G
q // A // 0 be a locally isotrivial
affine extension, and ℓ : H → H ′ a morphism of affine group schemes. As-
sume moreover that H ⊂ G is central, and that ℓ(H) ⊂ H ′ is central. Then
(G×H ′)/∆(H) ∼= G×H H ′, where H acts on H ′ by h · h′ = ℓ(h)h′. In particular,
the push-forward ℓ∗S exists and is a locally isotrivial affine torsor extension.
Proof. The existence of G ×H H ′ ∼= (H ′ × G)/∆(H) as a locally isotrivial fiber
bundle over A is a straightforward consequence of Theorem 2.16. It is easy to see
A REPRESENTATION THEORY FOR QUASI-COMPACT GROUP SCHEMES 15
that the product, inverse and identity morphisms of H ′ ×G induce a structure of
group scheme on G ×H H ′, such that H ′ is the Kernel of the canonical projection
G×H H ′ → A. 
Remarks 2.18. (1) It follows in particular from the proof of Theorem 2.16 that the
structure of G×H X as a locally isotrivial fibration is determined by the H–torsor
q : G → A and the H–action on X with the following particularity: whereas the
structure of G asH–torsor is related to the local (e´tale) trivialization of the fibration
and the construction of the transition functions between local trivializations (by
means of the family of isomorphisms ϕ˜), the action H ×X → X plays only a role
in the construction of the transition functions.
(2) In the notations of Theorem 2.16, note that the morphism G → G ×H H ′
induced by the inclusion G →֒ G × {1} (that it is obviously a morphism of group
schemes) is a closed immersion.
Definition 2.19. Let 1 // H // G
q // A // 0 be a locally isotrivial affine
extension of the Abelian variety A, and let X be an algebraic H-variety with the
additional property that X can be covered by H–stable quasi-projective open sub-
sets. Then the fiber bundle π : G×HX → A is called the homogeneous fiber bundle
associated to the H–action.
If (g, x) ∈ G × X is a geometric point, then the class of (g, x) in G ×H X is
denoted as [g, x]. Note than since p : G×X → G×H X is a geometric quotient, it
follows that p−1
(
[g, x]
)
= ψ
(
H × {(g, x)}
)
(scheme-theoretic image), the H–orbit
of (g, x) (see for example [10, § 2.7]).
Remark 2.20. In the hypothesis and notations of Definition 2.19, it is well known
that in the particular case that X is a (rational)H–module, then π : G×HX → A is
a vector bundle, with fiber X — this is a consequence of the methods of “faithfully
flat descent” as in [21] (see also [43, § 2, Theore`me 2]). In [32, § 1.3.2] the interested
reader can find a complete proof of this statement, based on the fact that locally
isotrivial GLn(k)–principal bundles are locally trivial in the Zariski topology.
In particular, if in Theorem 2.16 X is taken to be an H–module, then G×HX →
A is a vector bundle over A; see also Proposition 3.29 and Definition 3.9.
Moreover, as an expected consequence of Remark 2.18 (1), if X is an H–module,
then the local trivializations of G×HX (as vector bundle) depend on the structure
of G → A as an H–torsor. More precisely, in our context we have the following
result.
Corollary 2.21. Let 1 // H // G
q // A // 0 be a locally isotrivial affine
extension and a ∈ A a geometric point. Then there exists an affine open subset
a ∈ U ⊂ A such that for any finite dimensional H–module V , the vector bundle
G×H V is trivial over U .
Proof. In view of the proof of Theorem 2.16, the result follows for example from
[32, Corollary 1.3.13] and its proof. 
2.3. Anti-affine group schemes.
Definition 2.22. A group scheme G is anti-affine if OG(G) = k.
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Whereas the notion of anti-affine group scheme already appeared (implicitly) in
the work of Rosenlicht ([35]) and Serre ([42]), it was scarcely studied until recently.
In [8], Brion began a thorough study of anti-affine group schemes, generalizing
earlier results by Rosenlicht on the decomposition of an algebraic group scheme
of finite type (see [35] and [36] and Theorem 2.24 below) — the classification of
anti-affine groups was obtained simultaneously by Sancho de Salas and Sancho de
Salas ([39], see also [38]). We recall here the results on anti-affine groups schemes
that will be used in what follows; for other properties, in particular a complete
classification theorem, we refer the reader to the mentioned articles, [10] and [9].
Remark 2.23. (1) It is well known (see for example [9, Chapters 2 and 5]), that
an anti-affine group scheme is connected and commutative.
(2) If G is an anti-affine algebraic group scheme, then G is smooth (see for example
[10, Lemma 3.3.2]).
(3) In particular, if G is an anti-affine algebraic group scheme, using the Chevalley
decomposition (Theorem 2.11) we deduce that G is the extension of an Abelian
variety A by a commutative affine algebraic group. We say that G is an anti-affine
algebraic group over A.
Theorem 2.24 (Rosenlicht decomposition of affine torsor extensions of finite type).
(1) Every algebraic group scheme G has a smallest normal subgroup scheme Gant
such that the quotient G/Gant is affine. Moreover, Gant is smooth, connected and
contained in the center of G0. Also, Gant is the largest anti-affine subgroup scheme
of G. The formation of Gant commutes with field extensions.
(2) Let S : 1 // H // G
q // A // 0 be an affine torsor extension of finite
type. Then Gant ∩H contains (Gant)aff as a normal subgroup of finite index, and
G = HGant ∼= (Gant ×H)/(Gant ∩H).
In particular, the extension Sant: 1 // Gant ∩H // Gant
q // A // 0 is a
closed sub-extension of anti-affine type of S:
1 // Gant ∩H // _

Gant _

q|Gant // A // 0
1 // H // G
q // A // 0
(3) The canonical morphism Gant ×(Gant)aff H → G is an isogeny.
Proof. Assertion (1), is the content of [10, Theorem 1]. If moreover G is smooth
and H = Gaff , then Assertion (2) is the content of [10, Theorem 5.1.1]. A close
inspection of the proof of the above mentioned results in [10] shows that the gener-
alized formulations remain valid in the situation where H is (possibly) larger than
Gaff but within the hypothesis that G/H is an Abelian variety. The reader should
notice that if G is an arbitrary algebraic group scheme, then G/Gaff is not neces-
sarily smooth, as it is the case for an affine torsor extension. Finally, Assertion (3)
is evident. See also Theorem 2.43 below. 
The following lemma is an easy consequence of known properties of the Chevalley
decomposition.
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Lemma 2.25. If ϕ : G → G′ is a morphism of algebraic group schemes, then
ϕ(Gant) ⊂ G′ant. Moreover, if ϕ is surjective then we have the following commuta-
tive diagram of Chevalley decompositions:
0 // (Gant)aff //
ϕ
∣∣
(Gant)aff 
Gant
q //
ϕ
∣∣
Gant
A //
ϕ˜

0
0 // (G′ant)aff // G
′
ant
q′
// A′ // 0
Also, the morphism ϕ
∣∣
Gant
: Gant → G′ant is a Ker
(
ϕ
∣∣
(Gant)aff
)
–torsor. In partic-
ular, ϕ
∣∣
Gant
is an affine morphism.
Proof. Since Oϕ(Gant)
(
ϕ(Gant)
)
→֒ OGant(Gant) = k, it follows that the scheme-
theoretic image ϕ(Gant) is anti-affine. Therefore, ϕ(Gant) ⊂ G′ant.
If ϕ is surjective, then A′ ∼= G/Ker(q′ ◦ ϕ), and it follows that (Gant)aff ⊂
Ker(q′ ◦ ϕ). In particular, we deduce the existence of the surjective morphism ϕ˜.
Since ϕ and ϕ˜ are surjective, it follows that ϕ(Gaff) = G
′
aff . Indeed, ϕ(Gaff) ⊂
G′aff is a closed (therefore affine) subscheme ofG
′
aff and, since ϕ is surjective, ϕ(Gaff)
is a normal subgroup of G′. The surjective morphism G −→ G′/ϕ(Gaff) factors
through A and so G′/ϕ(Gaff) is proper. The minimality of G
′
aff then implies that
ϕ(Gaff) = G
′
aff , and then
G′affϕ(Gant) = ϕ(GaffGant) = ϕ(G) = G
′.
Finally, Gant → G′ant ∼= Gant/
(
Ker(ϕ) ∩ Gant
)
is a quotient of a smooth group
scheme by a closed subgroup scheme, and therefore it is a torsor. 
2.4. Inverse systems of affine torsor extensions.
We begin with some considerations about limits of inverse systems of schemes.
Recall that an inverse system of schemes consists of a family {(Xα, ρα,β) : α ≥
β , ρα,β : Xα → Xβ}, with I a upper bounded directed poset, Xα , α ∈ I a family
of schemes and ρα,β morphisms of schemes —called the connecting (or transition)
morphisms— such that if α ≥ β ≥ γ, then ρα,γ = ρβ,γρα,β and ρα,α = id. If
the limit of such a system of schemes exists, we use the following notation: X =
limαXα, ρα : X → Xα — we drop the subindex α when the family I is clear from
the context. A family of morphisms fα : Z → Xα , α ∈ I is said to be compatible if
for all α ≥ β, ρα,βfα = fβ .
Lemma 2.26. Let {Xα, ρα,β}α∈I be an inverse system of schemes, and assume that
that the morphisms ρα,β : Xα → Xβ are affine and surjective. Then X = limαXα
exists in the category of schemes, X is affine if Xα is affine for all α ∈ I, and
the morphisms ρα : X → Xα are affine and surjective. Also, for any α ∈ I and
Uα ⊆ Xα open subscheme, we have that ρ−1α (Uα) = limβ≥α ρ
−1
β,α(Uα) as schemes.
Moreover, if Z is a quasi-compact k–scheme and fα : Z → Xα, α ∈ I, is a
family of compatible morphisms that are also surjective, then the induced morphism
f : Z → X is surjective.
Proof. The proof of the first assertion concerning limits of families of schemes
indexed with a directed set and with affine connecting morphisms is well known and
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can be found for example in [45, Tag 01YV]. The affiness of X follows from the fol-
lowing argument: if Xα = Spec(Aα) for all α ∈ I, then limαXα = Spec(colimαAα),
(see for example [16] or [45, Tag 01YV]). We prove the surjectivity of ρα for all α
when the ρα,β are surjective for all α ≥ β. Given β ∈ I, if we call Iβ = {α ∈ I :
α ≥ β} it is clear that limα∈I Xα = limα∈Iβ Xα. Hence, we may assume that I has
a smallest element, that we call 0 ∈ I. We prove that the map ρ0 : X → X0 is
surjective. Take x0 ∈ X0 and define Yα = ρ
−1
α,0(x0). Clearly we have a new inverse
system (Yα, ρα,β) that is formed by quasi–compact non–empty schemes. By general
results Y = limα Yα is not empty (see for example [45, Tag 081A]) and hence any
point of Y has image by ρ0 equal to x0.
For the assertion about the surjectivity of f , take x ∈ X , consider the surjections
ρα : X ։ Xα; set xα = ρα(x) and consider f
−1
α (xα) ⊂ Z. It is clear that if we
prove that ∅ 6=
⋂
α f
−1
α (xα) the result follows and by compactness it is enough
to prove that ∅ 6=
⋂n
i=1 f
−1
αi (xαi ). Since I is a directed set, given α1, . . . αn ∈ I
there exists an element β ∈ I such that β ≥ αi for all i = 1, . . . , n. Therefore
∅ 6= f−1β (xβ) ⊂
⋂n
i=1 f
−1
αi (xαi ). 
Notation 2.27. Unless stated otherwise, in this paper when we speak of an inverse
system of affine torsor extensions (of the Abelian variety A) we mean a family of
affine torsor extensions {Sα : 0 // Hα // Gα
qα // A // 0 }α∈I , where I is a
partially ordered set that is upper directed, together with compatible morphisms
of extensions defined in the same manner than before. For future use we fix the
notations of the diagram below:
Sα :
̺α,β

1 // Hα

// Gα
qα //
ρα,β

A // 0
Sβ : 1 // Hβ // Gβ qβ
// A // 0
Remark 2.28. Let A be an abelian variety and let {(Gα, ρα,β) : α ≥ β ∈ I}
be an inverse system of algebraic group schemes. Then it is easy to see that it is
equivalent to have a family of affine morphisms qα : Gα → A with kernels Gα,aff
that fit — for all α ≥ β — into commutative diagrams:
Gα
ρα,β //
qα
  ❆
❆❆
❆❆
❆❆
❆ Gβ
qβ
~~⑥⑥
⑥⑥
⑥⑥
⑥
A,
than to have morphisms ̺α,β of affine extensions between the Chevalley decompo-
sition of Gα and Gβ . Moreover, if the morphisms ρα,β are surjective, then clearly
their restrictions ρα,β
∣∣
Gα,aff
: Gα,aff → Gβ,aff are also surjective. In our situation,
it is clear that being qα = qβρα,β and qα affine (see Definition 2.5), the morphisms
ρα,β are affine. Indeed, there is an affine open cover {Ui : i ∈ J} of A such that
q−1α (Ui) and q
−1
β (Ui) are affine for all i ∈ J , and then {q
−1
β (Ui) : i ∈ J} is an affine
open cover of Gβ and ρ
−1
α,β
(
q−1β (Ui)
)
= q−1α (Ui) is affine for all i ∈ J .
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Proposition 2.29. Let
{
Sα : 0 // Hα // Gα
qα // A // 0
}
α∈I
, ̺α,β : Sα →
Sβ, be an inverse system of affine torsor extensions. Assume moreover that all the
morphisms ρα,β : Gα → Gβ are surjective. Then
(1) The limits G := limGα and H := limHα exist in the category of group schemes
and H is an affine group scheme.
(2) The sequence S : 1 // H // G
q // A // 0 — where q : G → A is the
morphism induced by the maps qα : Gα → A — is the inverse limit of the system
{Sα}α∈I and is in fact an affine torsor extension.
Proof.
(1) The existence of the limits as schemes follows from the general existence results
of Lemma 2.26 and its hypothesis are guaranteed by Remark 2.28. The fact that
the limits thus obtained are groups is well known and is a consequence of the
circumstance that they can be seen as equalizers. The affiness of H follows also
from Lemma 2.26.
(2) We prove the following facts.
(a) The sequence S is left exact, q : G→ A a surjective morphism, and fits into the
following commutative diagrams
S :
̺α

1 // H
ρα|H

// G
q //
ρα

A // 0
Sα : 1 // Hα // Gα qα
// A // 0
where ρα , α ∈ I are the maps associated to G = limαGα and in particular we have
that ρα = ρα,βρα if α ≥ β. Moreover, if S ′ 1 // H ′ // G′
q′ // A // 0 is an
affine extension satisfying analogous compatible commutative diagrams of the form
̺′α : S
′ → Sα, then there exists a morphism φ : S ′ → S such ̺′α = ̺αφ.
(b) The morphism q : G → A is affine and faithfully flat. In particular, q is a
quasi-compact morphism and G is a quasi-compact group scheme.
(c) The product H ×G fits in the cartesian diagram
H ×G
m
∣∣
H×G //
p2

G
q

G q
// A
Proof of (a): the commutativity of the right square is obvious. The commutative
diagrams
H //
  ❆
❆❆
❆❆
❆ Hα
//

Gα

Hβ // Gβ
induce an injective morphism of group schemes H → G. As Hα = Ker(qα) for all
α, then H ⊂ Ker(q). Moreover, if ψ : K → G is a morphism of group schemes such
that q ◦ ψ = 0, then qα ◦ ρα ◦ ψ = 0 for all α. Therefore, Im(ρα ◦ ψ) ⊂ Hα for all
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α and ρα,β ◦ ρα ◦ ψ = ρβ ◦ ψ, so ψ : K → G factors through H . The surjectivity of
ρα for all α and that of the maps H → Hα is a consequence of Lemma 2.26. From
the above, the surjectivity of q follows directly. The universal property of S is a
straightforward consequence of the universal properties of the limits G = limGα
and H = limHα.
Proof of (b): observe that if U ⊂ Gβ is open then ρ
−1
β (U) = limα≥β
ρ−1α,β(U) and
so it is an affine scheme if U is affine, since the morphisms ρα,β are affine (see
above). Moreover, the topology of G is the inverse limit of the topologies of Gα.
Given g ∈ G, let gβ = ρβ(g) ∈ Gβ , Uβ = Spec(Bβ) ⊂ Gβ be an open affine
neighborhood of gβ, and for every α ≥ β let Uα = ρ
−1
α,β(Uβ). Then Uα is affine,
say Uα = Spec(Bα). If Mα is the prime ideal corresponding to gα = ρα(g), then
Ogα = BMα and Og = colimOgα = colimBMα which is flat over Oq(g) since
flatness is preserved by direct limits of modules, so q : G → A is flat and being
surjective, q is faithfully flat.
Proof of (c): since Hα ×Gα ∼= Gα ×A Gα, it follows that H ×G ∼= G×AG. 
Corollary 2.30. Let
{
Sα : 1 // Hα // Gα
qα // A // 0
}
, ̺α,β : Sα → Sβ,
be an inverse system of algebraic torsor extensions that are Chevalley decomposi-
tions, and consider its inverse limit S : 1 // H // G
q // A // 0 . Then H is
minimal among the affine subgroups schemes H ′ ⊂ G such that the quotient scheme
G/H ′ exists and is proper.
Proof. Let H ′ = SpecB′ be an affine subgroup scheme of H such that G/H ′
exists and is proper. Call H = SpecB and Gα,aff = Hα = SpecBα for α ∈ I
with B = colimBα. Then ρα(H
′), the scheme–theoretic image of H ′ by ρα|H′ , is a
closed affine subscheme of Hα. As ρα : G→ Gα is surjective for all α we can factor
ρα to a surjective morphism ρα : G/H
′ → Gα/ρα(H ′). See the diagram below:
1 // H

// G
q //
ρα

A // 0
1 // H ′ //
ι
<<①①①①①①①①①
ρα|H
""❊
❊❊
❊❊
❊❊
❊❊
G //
⑥⑥⑥⑥⑥⑥⑥⑥
ρα  ❅
❅❅
❅❅
❅❅
❅ G/H
′ //
<<③③③③③③③③
!!❈
❈❈
❈❈
❈❈
❈❈
0
1 // Gα,aff // Gα
qα // A // 0
Since G/H ′ is proper, it follows that Gα/ρα(H
′) is also proper, and therefore, by
minimality of Gα,aff , ρα(H
′) = Gα,aff . Hence, Bα → B′ is an injective homomor-
phism for all α and the induced map B = colimαBα → B
′ is also injective. The
map B → B′ is also surjective as H ′ ⊂ H is a closed subscheme of H and then
H ′ = H . 
Theorem 2.31. Let
{
Sα : 1 // Hα // Gα
qα // A // 0
}
, ̺α,β : Sα → Sβ,
be an inverse system of affine torsor extensions of finite type and suppose that the
morphisms ρα,β are surjective for all α ≥ β ∈ I. Call Gα,ant ⊂ Gα the smallest
normal subgroup scheme of Gα such that the quotient Gα/Gα,ant is affine (see
Theorem 2.24). If G := limGα, then
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(1) The morphisms ρα,β |Gα,ant define an inverse system for the family {Gα,ant : α ∈
I} and limGα,ant exists (recall Lemma 2.26). Moreover, Gant = limGα,ant is the
largest anti-affine subgroup scheme of G.
(2) The induced morphism Gant → A is flat.
(3) Gant is central in G.
Proof. (1) Since the morphisms ρα,β|Gant,α are affine and surjective, the existence
of L := limGα,ant follows from Lemma 2.26. On the other hand, for any affine
cover {Ui : i ∈ Iβ} of Gβ,ant we have that {ρ
−1
α,β(Ui) : i ∈ Iβ} is an affine cover of
Gα,ant for all α ≥ β and moreover, there are commutative diagrams as below:
k = O(Gα,ant) //
∏
i
O
(
ρ−1α,β(Ui)
)
//
∏
i,j
O
(
ρ−1α,β(Ui) ∩ ρ
−1
α,β(Uj)
)
k = O(Gβ,ant) //
OO
∏
i
O(Ui) //
OO
∏
i,j
O(Ui ∩ Uj)
OO
which induce an exact diagram
k //
∏
i
O
(
limα ρ
−1
α,β(Ui)
)
//∏
i
O
(
limα ρ
−1
α,β(Ui) ∩ limα ρ
−1
α,β(Uj)
)
//
since the inverse limit is a left exact functor. Since, by definition, the equalizer of
the two right arrows in the diagram above is O(L), it follows that O(GL) = k.
Let H ⊂ G be an anti-affine subgroup scheme. Then ρα(H) is anti-affine, and
therefore ρα(H) ⊂ Gα,ant. By the universal property of the inverse limit, it follows
that H ⊂ L and then L = Gant.
(2) First observe that the inclusions jα : Gα,ant →֒ Gα induce an injective morphism
j : Gant → G and so we have a commutative diagram
0 // Gant
j //

G
p //
ρα

limαKα

// 1
0 // Gα,ant
jα
// Gα pα
// Kα // 1
where the Kα are affine schemes and the bottom row is exact. If g ∈ G is such that
p(g) = 1, then gα := ρα(g) ∈ Gα,ant for all α and ρα,β(gα) = gβ , therefore g ∈ Gant
and as it is obvious that Im(j) ⊂ Ker(p), we deduce that j is a closed immersion.
Since the morphismG→ A is flat (see Proposition 2.29) and as closed immersions
are flat morphisms, it follows that q
∣∣
Gα,ant
: Gα,ant → A is a flat morphism.
(3) Let a ∈ Gant and consider the morphisms ℓa,α, ra,α : G→ Gα, ℓa(g) = ρα(ag),
ra(g) = ρα(ga). Since Gα,ant is central in Gα (see Theorem 2.24), it follows that
ra,α = ℓa,α, and their induced morphisms ℓa, ra : G → G, ℓa(g) = ag, ra(g) = ra,
coincide. 
Notation 2.32. Let
{
Sα : 1 // Hα // Gα
qα // A // 0
}
, ̺α,β : Sα → Sβ ,
be an inverse system of affine torsor extensions. From now on we assume, unless
otherwise stated, that the morphisms ̺α,β are affine and surjective. That is, the
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morphisms ρα,β : Gα → Gβ — and therefore their restrictions ρα,β
∣∣
Hα
: Hα → Hβ
— are surjective.
In [30], D. Perrin proved that any quasi-compact group is the inverse limit of
group schemes of finite type. More precisely, he proved the following result.
Theorem 2.33 (D. Perrin’s Aproximation Theorem). Let G be a quasi-compact
group scheme. Then there exists a family {Kα}α∈I of closed affine subgroup schemes
defined by ideals of finite type, with I an upper directed poset, such that Gα = G/Kα
is an algebraic group scheme and G ∼= limαGα. In particular, the transition mor-
phisms ρα,β are affine and surjective.
Moreover, the closed subgroup schemes Kα can be assumed to be connected.
Proof. The first assertions are the main result of [30, The´ore`me V.3.1].
In order to prove the last assertion, let Kα be as in the proof of [30, The´ore`me
V.3.1]. Then by [30, The´ore`me II.2.4], the connected components of the neutral
element (Kα)0 are quasi-compact group schemes. It is easy to see that the family
G/(Kα)0 conforms an inverse system of algebraic group schemes, with limit G =
limG/(Kα)0. Indeed, ∩α(Kα)0 ⊂ ∩αKα = {e}. 
Remark 2.34. The family {Kα} given in the proof of [30, The´ore`me IV.3.2] (see
also [30, § IV.1]), can be enlarged to the following families:
(1) Consider the family F = {Kα} of stabilizers of a finite number of rational
functions of G, such that are affine schemes, ordered by inclusion, or
(2) consider the sub-family F0 = {Kα,0 = (Kα)0} ⊂ F (the connected components
of the subgroup schemes of the family F).
From the approximation theorem 2.33 and using the fact that any algebraic
group scheme has a Chevalley decomposition, we deduce that any connected quasi-
compact group scheme fits in an exact affine extension S of a connected proper
group scheme A. This result is stated without proof in [30, Corollary V.4.3.1]; we
present here a proof that allows us to describe the exact affine extension S more
precisely, as an inverse limit of affine torsor extensions, of finite type, of a proper
group scheme A.
First we present an easy result that allows us to obtain control over the Chevalley
decomposition along an inverse system with affine surjective transition morphisms.
Lemma 2.35. Let G be an algebraic group scheme, and let K ⊂ G be an affine,
normal, closed subgroup scheme of G. If G′ = G/K, then we have a commutative
diagram of the corresponding Chevalley decompositions as below:
(2.4) 1 // H //
ρ|H

G
q //
ρ

A
ρ

// 0
1 // H ′ // G′
q′
// A′ // 0,
where ρ : A′ → A is an isogeny. If moreover K is connected, then ρ is an isomor-
phism.
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Proof. Since q′ρ is an affine morphism q′ρ(H) ⊂ A′ is a connected affine closed
subscheme and therefore it is trivial. It follows that ρ(H) ⊂ H ′ and therefore
ρ(H) = H ′ by construction of H ′. Hence, ρ induces a morphism ρ : A→ A′ in such
a way that the diagram (2.4) is commutative.
Since N = Ker(q′ρ) = ρ−1(Ker(q′)), it follows that N is an affine closed sub-
group scheme of G. Therefore, N/H ∼= q(Ker(q′ρ)) is an affine subgroup of the
proper group scheme A and then it has to be finite, i.e. ρ is an isogeny. If more-
over K is connected, then Ker(q′ρ) = Ker(q) and therefore ρ is an isomorphism,
corresponding to the quotient A→ A/{e}. 
Theorem 2.36. Let G be a connected quasi-compact group scheme. Then there
exists an inverse system
{
Sα : 1 // Hα // Gα
qα // A // 0 }α∈I of affine tor-
sor extensions, of finite type, over a proper and connected group scheme A, not
necessarily smooth, such that the limit S := limSα exists and it is an affine torsor
extension of the form S : 1 // H // G
q // A // 0. Moreover, the subgroup
scheme H is minimal among the affine subgroup schemes H ′ of G such that the
quotient exists and is proper.
Proof. Given G, take {Gα = G/Kα : α ∈ I} an inverse system of algebraic group
schemes as in Theorem 2.33, with Kα ⊂ G affine, connected, closed subgroup
scheme, stabilizer of a finite family of rational functions of G (see Remark 2.34). If
α ∈ I, write the Chevalley decomposition of Gα as 1 // Hα // Gα
qα // Aα // 0 .
By Lemma 2.35, if α ≥ β then the affine surjective morphisms ρα,β : Gα → Gβ ∼=
Gα/Kβ induce commutative diagrams as below:
1 // Hα //
ρα,β |Hα

Gα
qα //
ρα,β

Aα
id

// 0
1 // Hβ // Gβ
qβ // Aβ // 0
Then, the result follows directly from Proposition 2.29. The minimality of H
follows directly from Corollary 2.30. 
Let G be quasi-compact group scheme. Then it is clear that G can by obtained
as a limit of several inverse systems of algebraic group schemes. Moreover, the affine
torsor extension S := limSα given by Theorem 2.36 is not necessarily unique. More-
over, one cannot guarantee that H is minimum among the affine closed subgroup
schemes of G with proper quotient (see Corollary 2.30). However, the family F0
defined in Remark 2.34 (that can be used in order to approximate G as in Theorem
2.36) is uniquely determined by G (see Remark 2.34). Taking into consideration
this explicit construction, we introduce the following definition.
Definition 2.37. Let G be a quasi–compact group scheme G defined over k. The
affine torsor sequence S constructed in Theorem 2.36 is called the Chevalley decom-
position of the quasi-compact group scheme G, and we say that G is a quasi-compact
group scheme over the proper group scheme A.
Definition 2.38. An affine torsor extension S : 1 // H // G
q // A // 0 ,
where A is a proper, not necessarily smooth, group scheme, is called pro-algebraic
24 A REPRESENTATION THEORY FOR QUASI-COMPACT GROUP SCHEMES
if there exists an inverse system
{
Sα : 1 // Hα // Gα
qα // A // 0
}
α∈I
of
affine torsor extensions of finite type such that:
(a) the connecting morphisms ρα,β : Gα → Gβ are affine and surjective;
(b) S = limSα.
Examples 2.39. (1) Any affine group scheme G is the limit of an inverse sys-
tem of algebraic group schemes (see Theorem 2.33 or for example [48, Page 24]
for a direct proof). In terms of affine torsor extensions, this well known re-
sult reads as follows: let G = limGα and consider the affine torsor extensions
Gaff : 1 // G
id // G // 0 // 0 , and Gα,aff : 1 // Gα
id // Gα // 0 // 0 .
Then Gaff = limGα,aff .
(2) Let S : 1 // H // G
q // A // 0 be an abelian affine torsor extension
(that is, H and G are abelian). By Corollary 2.17, if S is locally isotrivial, then the
push-forward by a morphism of abelian affine group schemes ℓα : H → Hα exists
and is locally isotrivial. It follows that if {Hα}α∈I , ℓα,β : Hα → Hβ , is an inverse
system of algebraic group schemes with inverse limit ℓα : H = limHα → Hα, then
S = lim(ℓα)∗S; in other words, S is pro-algebraic.
From Perrin’s approximation theorem for quasi-compact group schemes, we de-
duce the following characterization of affine torsor extensions by a quasi-compact
affine group scheme; see also Theorem 7.20.
Proposition 2.40. Let S: 1 // H // G
q // A // 0 be a quasi-compact affine
torsor extension. Then there exists an inverse system
{
Sα : 1 // Hα // Gα
qα // A // 0 }α∈I
of affine torsor extensions of finite type such that S = limSα.
Proof. Since G is a connected quasi-compact group scheme, it follows that G is the
limit of the inverse system {Gα = G/Kα}, where Kα is a connected affine group
scheme and Gα is an algebraic group scheme for all α (see theorems 2.33 and 2.36,
and Remark 2.33). By Lemma 2.35, we have an inverse system
Sα
̺α,β

1 // Hα //
ρα,β |Hα

Gα
qα //
ρα,β

A′
ρα,β

// 0
Sβ 1 // Hβ // Gβ
qβ // A′ // 0
where ρα,β : A
′ → A′ is an isomorphism. The same argument used in the proof
of Lemma 2.35 shows that the morphisms ρα : G → Gα = G/Kα extend into
morphisms ̺α : S → Sα:
S :
̺α

1 // H //
ρ|H

G
q //
ρ

A
ρ

// 0
Sα : 1 // Hα // Gα qα
// A′ // 0
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In other words, S = limSα. Fix β and, for α ≥ β, consider q′α = ρα,β ◦ qα; then
S ′α: 1 // Hα // Gα
q′α // A′ // 0 is an affine torsor extension, and the family
{S ′α}α≥β conforms an inverse system with transition functions
S ′α :
̺′α,γ

1 // Hα //
ρα,γ |Hα

Gα
q′α //
ρα,γ

A′ // 0
S ′γ : 1 // Hγ // Gγ
q′γ
// A′ // 0
Indeed, q′γ ◦ ρα,γ = ργ,β ◦ qγ ◦ ρα,γ = ργ,β ◦ ρα,γ ◦ qα = ρα,β ◦ qα = q
′
α. If follows
that A = A′ and that S = limα≥β S ′α. 
Next we generalize for the situation of pro-algebraic affine torsor extensions
Lemma 2.25 (valid for the algebraic group schemes context).
Lemma 2.41. Let S = limSα, S ′ = limS ′α be two pro-algebraic affine torsor
extensions, where Sα,S
′
α are of finite type, and φ : S → S
′ a morphism of affine
extensions:
S :
φ

0 // H //

G
q //
ϕ

A // 0
S ′ : 0 // H ′ // G′
q′
// A // 0
Then ϕ(Gant) ⊂ G′ant. Moreover, if ϕ is surjective then ϕ
∣∣
Gant
: Gant → G′ant is a
Ker
(
ϕ
∣∣
(Gant)aff
)
= (Ker(ϕ)∩Gant)–torsor; in particular, ϕ
∣∣
Gant
is a surjective affine
morphism.
Proof. We proceed as in Lemma 2.25. Since Oρ′α◦ϕ(Gant)
(
ρ′α ◦ ϕ(Gant)
)
→֒
OGant(Gant) = k, it follows that ρ
′
α◦ϕ(Gant) is anti-affine. Therefore, ρ
′
α ◦ ϕ(Gant) ⊂
G′α,ant (see Theorem 2.31); and a fortiori, applying Lemma 2.25, we deduce that
ϕ(Gant) = limG
′
α,ant = G
′
ant. The anti-affine groups Gant and G
′
ant being of finite
type and therefore algebraic, the rest of the Lemma follows. 
Lemma 2.42. Let S : 1 // H // G
q // A // 0 be a pro-algebraic affine
torsor extension, and S ′ : 1 // H ′ // G′
q|
G′ // A // 0 a closed sub-extension.
Then S ′ is pro-algebraic.
Proof. Let
{
Sα : 1 // Hα // Gα
qα // A // 0
}
α∈I
be an inverse system of
affine torsor extensions of finite type such that S = limSα. Consider the sequence
̺α(S ′): 1 // ρα(H ′) // ρα(G′)
qα|
ρα(G′) // A // 0 . Clearly ̺α(S ′) is an
affine torsor extension, closed in S, and
{
̺α(S ′)
}
is an inverse system. Consider
the limit S ′′ = lim ̺α(S ′): 1 // H ′′ // G′′
q|
G′′ // A // 0 . There exists an
unique compatible morphism φ : S ′ → S ′′, that is surjective by Lemma 2.26. On the
other hand, since S = limSα and there exist compatible morphisms ξα : S ′′ → Sα,
it follows that there exist a unique compatible morphism ψ : S ′′ → S. By the
universal property of the limit, it follows that φψ = idS′′ . On the other hand, if we
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consider the morphism ψφ : S ′ → S ′ ⊂ S, the compatibility conditions imply that
̺α(ψφ) = ξαφ = ̺α
∣∣
S′
for all α. It follows from the universal property of limSα that
ψφ is the canonical inclusion S ′ →֒ S. In other words, S ′ ∼= S ′′ = lim ̺α(Sα). 
Next we continue with the generalization of previously considered results. Here
we generalize the Rosenlicht decomposition theorem (Theorem 2.24).
Theorem 2.43 (Rosenlicht decomposition of pro-algebraic affine extensions).
Let S : 1 // H // G
q // A // 0 be a pro-algebraic affine torsor extension.
Then
G = HGant ∼= (H ×Gant)/(H ∩Gant),
and H ∩Gant contains (Gant)aff as a normal subgroup with finite quotient.
In particular, if Gant is an algebraic group, then the induced space Gant×(Gant)aff
H = (H×Gant)/(Gant)aff is a group scheme, and the canonical morphism Gant×(Gant)aff
H → G is an isogeny.
Proof. Let
{
Sα : 1 // Hα // Gα
qα // A // 0
}
be an inverse system of
affine torsor extensions of finite type such that S = limSα. By Theorem 2.31, Gant
fits into an affine torsor extension:
0 // (Gant)aff = lim(Gα,ant)aff //

Gant //

A // 0
0 // (Gα,ant)aff // Gα,ant // A // 0
From the Rosenlicht decomposition for affine torsor extensions of finite type (Theo-
rem 2.24) it follows that Gα ∼= (Gα,ant×Gα,aff)/(Gα,ant∩Gα,aff). Since limGα,ant∩
Gα,aff = Gant ∩H , we have the following inverse limit of short sequences
T :

1 // Gant ∩H //

Gant ×H //

G

// 1
Tα 1 // Gα,ant ∩Gα,aff // Gα,ant ×Gα,aff // Gα // 1
Clearly T is left exact, and it follows from Lemma 2.26 that (Gant ×H)(k) →
G(k) is surjective. Therefore, the quotient (Gant × H)/(Gant ∩ H) exists and is
isomorphic to G.
In order to prove that (Gant)aff has finite index in Gant×H we follow the course
presented in [10, Theorem 5.1.1]. From the inverse limit of exact sequences:
1 // (Gant)aff //

G //

G

// 1
1 // (Gα,ant)aff // Gα // Gα = Gα/(Gα,ant)aff // 1
we deduce that G ∼= G/(Gant)aff , and therefore G =
(
H/(Gant)aff
)(
Gant/(Gant)aff
)
.
SinceH/(Gant)aff is the inverse limit of the affine algebraic groupsGα,aff/(Gα,ant)aff
it is an affine group scheme; analogously, Gant/(Gant)aff ∼= A, an Abelian variety.
Therefore,
(
H/(Gant)aff
)
∩
(
Gant/(Gant)aff
)
is finite.
The rest of the assertions follow easily. 
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Definition 2.44. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion. We say that S is a Rosenlicht extension if there exists an closed sub-extension
of anti-affine type 1 // (Gant)aff // Gant
q|
Gant // A // 0 such that G =
HGant.
As we have seen in the Introduction, pro-algebraic affine torsor extensions play
a essential role in our generalization of Tannaka duality: they are the affine torsor
extensions that have a recognizable representation theory. We have just seen in
Theorem 2.43 that if S is a pro-algebraic affine extension, then S is a Rosenlicht
extension. Later on we will prove in Theorem 7.20 and its Corollary 7.21 that any
Rosenlicht extension is pro-algebraic.
3. A finite dimensional representation theory for affine torsor
extensions
3.1. Homogeneous vector bundles over an abelian variety.
In this section we recall some basic facts on the category of homogeneous vector
bundles over an Abelian variety (see Definition 3.9 below).
Definition 3.1. If A is an abelian variety, then the category of vector bundles with
base A, denoted as VB(A), is defined as follows:
(1) Objects : the family of vector bundles with base A, i.e. pairs (E, π) with
π : E → A a morphism that is locally trivial in the Zariski topology, with
fiber a finite dimensional vector space.
(2) Arrows : the morphisms of vector bundles. Recall that if π : E → A, π′ :
E′ → A are vector bundles over A, a morphism of vector bundles is a
morphism of varieties f : E → E′ such that the diagram:
E
f //
π

E′
π′

A
IdA
// A
is commutative. Moreover the map defined by the restriction map of f to
each fiber f |π−1(a) : π
−1(a)→ (π′)−1(a), is linear.
Notation 3.2. The pair (E, π) is abbreviated as E. To maintain the traditional
notations and for further compatibility we denote the set of arrows between two
vector bundles E,E′ as Hom0(E,E
′) (see Definition 3.4).
Remark 3.3. (1) It is well known that VB(A) is an abelian, monoidal, rigid, k–
linear category, with unit object p2 : k×A→ A and final object the trivial bundle
{0} ×A;
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(2) In the category VB(A), for a ∈ A we denote as Ta the functor Ta : VB(A) →
VB(A) given at the level of objects by the pullback:
Ta(E)
pE //
π̂a

E
π

A
ta
// A.
It is clear that the vector bundle
(
Ta(E), π̂a
)
= (E, t−aπ); when there is no
danger of confusion, the structure map π̂a is denoted simply as πa.
If (E, π) and (E′, π′) are objects in VB(A) and f : (E, π)→ (E′, π′) is an arrow
in VB(A), then Ta(f) = f :
(
Ta(E), πa
)
→
(
Ta(E
′), π′a
)
is an arrow in VB(A) as
shown in the diagram below.
E
f //
π
❄
❄❄
❄❄
❄❄
❄ E
′
π′~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
A
, E
f //
π
❄
❄❄
❄❄
❄❄
❄
πa
✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴✴
✴ E
′
π′
~~⑥⑥
⑥⑥
⑥⑥
⑥⑥
π′a
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
✍✍
A
t−a

A
The map a → Ta : A → Fun(VB(A)) is a morphism of the monoid (A,+) to
(Fun(VB(A)), ◦) (◦ denotes the composition of functors). In particular for each
a ∈ A the functor Ta is invertible and its inverse is T−a.
(3) Let a ∈ A, and (E, π), (E′, π′) be two objects in VB(A) and f : E → E′ a
morphism of the underlying schemes. The diagram — whose rightmost triangle is
commutative:
E
π

f // E′
π′

π′a
♣♣♣
♣♣
xx♣♣♣
♣♣♣
A
ta
// A
proves that Hom0
(
E, Ta(E
′)
)
= {f : E → E′ : π′f = taπ, f |Eb : Eb → Ea+b linear}.
Definition 3.4. Let (E, π) and (E′, π′) be a pair of objects in VB(A) and a ∈ A a
given element. A morphism of varieties f : E → E′ is called homogeneous of degree
a if the following diagram commutes:
E
f //
π

F
π′

A
ta
// A
and the restriction to the fibers f |Eb : Eb → Ea+b are lineal. The set of morphisms
of degree a as above, is denoted as Homa(E,F ).
Remark 3.5. (1) Observe that the usual composition of f ∈ Homa(E,F ) and
g ∈ Homb(E,E
′) produces a homogeneous morphism gf ∈ Homa+b(E,E
′).
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(2) If f, g ∈ Homa(E,E′), we can define f + g ∈ Homa(E,E′), point-wisely in each
fiber.
(3) In accordance with Remark 3.3, the set of morphisms of degree a coincides with
the set Hom0
(
E, Ta(E
′)
)
. We switch between both interpretations of the degree a,
and homogeneous morphisms are viewed sometimes as morphisms of varieties f :
E → E′ satisfying a commutative square that has ta at the bottom or alternatively
as the same morphism from f : E → E′ satisfying a commutative triangle but
with a change of the bundle map on E′. All the operations on the morphisms
are the same regardless of the viewpoint we have adopted. In the case that the
map f : E → E′ is invertible, the diagram below exhibits the inverse as a map
f−1 : E′ → T−a(E).
E
f //
π

E′
f−1
oo
π′

A
ta // A
t−a
oo
(4) Clearly, the composition is bilinear in both variables, i.e. if f, f ′ ∈ Homa(E,E′)
and g ∈ Homb(E,E′) then g(f + f ′) = gf + gf ′, and similarly in the second
composition factor.
Example 3.6. Given two vector bundles E,E′, it is clear that the morphism
θa : E → E′ given by θa(v) = 0a+b if v ∈ Eb, is homogeneous of degree a. This map
can be interpreted as 0˜ : E → E′ for the map 0 : E → Ta(E′) ∈ Hom0
(
E, Ta(E
′)
)
.
The morphism θa is called the pseudo-zero of degree a.
Definition 3.7. We define the category VBgr(A) as having the same objects than
VB(A) and with arrows between (E, π) , (F, π′) the graded homomorphisms of vec-
tor bundles, i.e.
Homgr(E,E
′) =
{
(a, f) : a ∈ A, f ∈ Hom0(E, Ta(E
′))
}
=
⋃
a∈A
Homa(E,E
′),
with composition the one defined before (see Definition 3.4 and Remark 3.5).
If E = E′, then Endgr(E) := Homgr(E,E) and End0(E) := Hom0(E,E). The
group of automorphisms of E is denoted as Autgr(E); the subgroup of those auto-
morphisms that fix the base is denoted by Aut0(E) = Autgr(E) ∩ End0(E).
Remark 3.8. (1) It is clear that VB(A) ⊆ VBgr(A) is a wide subcategory — in
the sense that has the same objects but less morphisms.
(2) If A is an Abelian variety, it is well known that if π : E → A is a vector bundle,
then A = Alb(E) and π is the Albanese morphism of E. If f : (E, π) → (E′, π′)
is a morphism of vector bundles that is homogeneous of degree a, then ta is the
morphism induced by the universal property of the Albanese morphism applied to
π′ ◦ f : E → A. Thus, there is no confusion when we consider the degree of an
element of Homgr(E,E
′).
Definition 3.9. Let A be an abelian variety. A vector bundle π : E → A is
called homogeneous if for all a ∈ A, there is an isomorphism E ∼= Ta(E) in VB(A),
where Ta : VB(A)→ VB(A) is the functor appearing in Remark 3.3. The category
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HVB(A) is the full subcategory of VB(A) that has as objects the homogeneous
vector bundles.
Similarly the category HVBgr(A) is the full subcategory of VBgr(A) with objects
the homogeneous vector bundles. If E,F are objects in HVB(A) the set of graded
homomorphisms is denoted as Homgr(E,F ) and the set of homomorphisms (graded
of degree zero) is denoted as Hom0(E,F ).
The relationships between these categories is illustrated in the diagram below,
where the vertical arrows are full subcategories and the horizontal are wide subcat-
egories.
VB(A) ⊆ VBgr(A)
HVB(A)
⊆
⊆ HVBgr(A).
⊆
Remark 3.10. Taking into account the explicit definition of the functor Ta it is
clear that the fact that a vector bundle (E, π) is homogeneous is equivalent to the
existence for each a ∈ A of an isomorphism of schemes ea : E → E with the
additional property that ea ∈ Enda(E) (see diagram)
E
ea //
π

E
π

A
ta
// A.
This diagram is cartesian as the two horizontal sides are isomorphisms, and the
universal property of the cartesian squares guarantees that the isomorphism ea is
unique up to an invertible element element of Hom0(E,E). Hence, for homoge-
neous vector bundles, the pre (or post) composition with ea establishes a bijection
between Homa(E,E
′) for all a and Hom0(E,E
′). This bijection does not preserve
the composition of morphisms.
The study of homogeneous vector bundles over an Abelian variety was initiated
by Atiyah in 1956 (see [1], [2], [3]). Later on, Miyanishi, Mukai and others general-
ized Atiyah’s original results (for homogeneous vector bundles over elliptic curves)
to the general setting, giving a nice description of the corresponding category and
its main properties (see for example [27], [28] and [6]).
Remark 3.11. The category VB(A) is a k –linear monoidal rigid category. If we
restrict the operations to the situation that the vector bundles are homogeneous, it
is clear that the operations of direct sum, tensor product and dual, yield also homo-
geneous vector bundles. Hence, HVB(A) is an abelian, monoidal, rigid subcategory
of VB(A).
Definition 3.12. Given an object E in the category HVB(A), we call HVB(A)E
the full abelian monoidal rigid category generated by E. We call HVBgr(A)E the
full subcategory of HVBgr(A) that has the same objects that HVB(A)E .
Remarks 3.13. (1) By definition the category HVB(A)E is characterized by the
following universal property: for every abelian monoidal rigid category C and any
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object c ∈ C there is one and only one additive monoidal functor Fc : HVB(A)E → C
such that Fc(E) = c.
(2) The relations between the above categories is depicted in the diagram below:
HVB(A) ⊆ HVBgr(A)
HVB(A)E
⊆
⊆ HVBgr(A)E ,
⊆
where the horizontal maps are wide inclusions and the vertical ones are full.
Remark 3.14. Let E,E′ ∈ HVBgr(A) be two homogeneous vector bundles. In [6]
it is proved that Homgr(E,E
′) can be endowed with a structure of (homogeneous)
vector bundle over A, where the projection is given by the map d : Homgr(E,E
′)→
A that associates to an arbitrary morphism f : E → E′ ∈ Homgr(E,E′) its degree
a = d(f) (see Remark 3.18). Hence, we are in the presence of an object of HVBgr(A)
given by the pair
(
Homgr(E,E
′), d
)
. In this manner we obtain a closed category
with internal Hom given as: [E,E′] = (Homgr(E,E
′), d) considered as a vector
bundle over A. The unit object of this closed category is the trivial bundle
(
k ×
A, prA
)
(see [19] for the original definition of closed category and [47] for a more
recent generalization).
As we observed in Remark 3.11, if E,E′ ∈ HVB(A) are homogeneous vector
bundles, then E ⊕ E′, E ⊗ E′ and E∨ also are objects of HVB(A) and these
operations — and the corresponding morphisms — endow this category with a k–
linear and monoidal rigid structure. However, these structures cannot be defined
in the (wide) extension of the category HVB(A) that we denoted as HVBgr(A).
However, for homogeneous morphisms of the same degree it is clear that the
following holds.
Lemma 3.15. Assume that E,E′, F, F ′ ∈ HVBgr(A) are objects and (f, ta) ∈
Homgr(E,F ), (f
′, ta) ∈ Homgr(E′, F ′) are morphisms in the category of graded
homogeneous vector bundles. Then the following maps are morphisms in HVBgr(A):
(i) (f⊕g, ta), where f⊕g : E⊕E′ → F⊕F ′ is given by (f⊕g)(e+e′) = f(e)+f(e′);
(ii) (f ⊗ f ′, ta); where f ⊗ f : E ⊗ E′ → F ⊗ F ′ is given by (f ⊗ f ′)(e ⊗ e′) =
f(e)⊗ f(e′).
Definition 3.16. If E is a homogeneous vector bundle then the group of its au-
tomorphisms in the category HVBgr(A) is denoted as Autgr(E) and the subgroup
of degree zero automorphisms, i.e. the automorphisms in the category HVB(A), is
denoted as Aut0(E). Similarly, we denote as Endgr(E) and End0(E) the monoids
of endomorphisms of E in the categories HVBgr(A) and HVB(A) respectively.
Remarks 3.17. (1) The group Autgr(E) is a subgroup of Aut
0(E), the con-
nected component of the group of automorphisms of the algebraic variety E. It
is well known that Aut0(E) is a group scheme (see for example [26]), and follow-
ing Matsumura–Oort (op. cit.) we have the following description of Autgr(E) as a
functor Autgr(E) : Sch
op → Groups :
If T ∈ Obj
(
Sch
)
, then Autgr(E)(T ) is the group of T –automorphisms of E × T ,
linear on the fibers of E, for which there exists a ∈ A such that the diagram below
32 A REPRESENTATION THEORY FOR QUASI-COMPACT GROUP SCHEMES
commutes
E × T
ϕ //

E × T

A× T
ta×id
// A× T
where ta : A→ A is as usual the traslation by a.
Since ϕ is the identity on the second factor, to give ϕ is equivalent to give a
morphism φ : E × T → E, with ϕ = φ× id.
If f : T ′ → T is a morphism and ϕ ∈ Autgr(E)(T ), then f∗(ϕ) = (φ ◦ f)× id.
(2) Furthermore, it is known that Autgr(E) is in fact an algebraic group (see Remark
3.18 below, [27] and [7]).
(3) In the particular case where A = {e} and T = Spec(R), with R a k–algebra,
then E is a k vector space and ϕ ∈ Autgr(E)(Spec(R)) is determined by a morphism
ϕ : E ×k Spec(R)→ E ×k Spec(R) linear on the fibers, which is equivalent to give
an R–linear automorphism of E(R) = E ⊗R.
More generally, the condition of “linearity on the fibers” can be stated explicitly
as follows. Assume that T = Spec(R) is an affine k–scheme and let Eb be the fiber
of E over b ∈ A. Then ϕ is linear on the fiber Eb if and only if the restriction
morphism ϕb : Eb ×Spec(k) Spec(R)→ Eb+a ×Spec(k) Spec(R) is linear on the fibers,
which corresponds to give an R–linear isomorphism Eb ⊗R→ Ea+b ⊗R.
Remark 3.18. In [27, Lemma 1.1] Miyanishi described the algebraic structure of
Autgr(E). In particular, he proved that, as an algebraic group, Autgr(E) is an
affine torsor extension of A by Aut0(E) (Chevalley decomposition). It follows from
[7] that if E → A is a homogeneous vector bundle, then qE : Endgr(E) → A is a
homogeneous vector bundle with fiber isomorphic with End0(E) — here qE denotes
the degree map. Moreover, Endgr(E) is a smooth algebraic monoid, and as such
it has a Chevalley decomposition that extends the one given by Miyanishi (see [6]
and [7]):
1 // End0(E) // Endgr(E) // A // 0
1 // Aut0(E) //
?
OO
Autgr(E) //
?
OO
A // 0
If Z0gr(E) is the connected center of Endgr(E) and Z
0
aff(E) = Z
0
gr(E) ∩ End0(E),
then we have the following isomorphisms of algebraic monoids:
Endgr(E) = Autgr(E) · End0(E) = Z
0
gr(E) · End0(E)
∼= Autgr(E)×
Aut0(E) End0(E) ∼= Zgr
0(E)×Z
0
aff (E) End0(E).
It is also well known that a homogeneous vector bundle E is trivial (that is
isomorphic to kn ×A) if and only if there exists a non trivial section σ : A→ E, if
and only if there exist a section for the affine torsor extension
Autgr(E) : 1 // Aut0(E) // Autgr(E) // A // 0 .
In [6], L. Brambila-Paz and A. Rittatore study the geometry and algebraic struc-
ture of Endgr(E) for an arbitrary homogeneous vector bundle over A. In particular
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they show that the last isomorphisms hold in the category of vector bundles:
Endgr(E) ∼=HVB0(A) Autgr(E)×
Aut0(E)End0(E) ∼=HVB0(A) Z
0
aff(E)×
Z0aff (E)End0(E).
In [6] it also appears the following description of E as an Autgr(E)-variety:
Theorem 3.19 ([6, Theorem 5]). Let E → A be a homogeneous vector bundle.
Then, as vector bundles over A,
E ∼=HVB0(A) Autgr(E)×
Aut0(E) E0 ∼=HVB0(A) Z
0
gr(E)×
Z0aff (E) E0.
3.2. Representations of affine torsor extensions.
Definition 3.20. Let S : 1 // H // G
q // A // 0 be an affine torsor ex-
tension of the Abelian variety A. We define the category of representations of S or
S–modules, denoted as Rep(S), as follows.
The objects are the representations of S, i.e. the homogeneous vector bundles
πE : E → A equipped with a morphism of affine torsor extensions ̺ : S → Autgr(E)
S :
̺

1 // H //

G
q //
ρ

A // 0
Autgr(E) 1 // Aut0(E) // Autgr(E)
qE // A // 0
A morphism of representations ϕ, between ̺ : S → Autgr(E) and ̺′ : S →
Autgr(E
′) is an element of ϕ ∈ Homgr(E,E′) that is a G-equivariant morphism.
Remark 3.21. (1) Even though the category Rep(S) is not monoidal, a situation
similar to the one described in Lemma 3.15 holds: if f : E → E′; g : F → F ′ are
morphisms of representations of the same degree a, the usual tensor product at the
level of each fiber, f ⊗ g : E ⊗ F → E′ ⊗ F ′ is a morphism of vector bundles of
degree a.
(2) To give a representation of S on an homogeneous vector bundle πE : E → A is
equivalent to give an action of ϕ : G× E −→ E linear on the fibers (i.e. ϕ(g,−) ∈
Autgr(E)) such that the following diagram is commutative
G× E
ϕ //
q×πE

E
πE

A×A s
// A
Therefore, when we talk about a representation of S we mean either a morphism
of group schemes ρ : G→ Autgr(E) or the vector bundle E together with the action
φρ of G associated to ρ.
In particular in the above perspective, if g ∈ G, then φρ(g,−) = ρ(g) : E → E,
is an automorphism of vector bundles of degree q(g) ∈ A.
(3) In diagrammatic terms, a morphism of representations ϕ : E → E′ is a mor-
phism linear on the fibers that fits in a commutative diagram as below, where the
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unlabeled arrows are the corresponding actions.
G× E
id×ϕ //
q×πE

$$❍
❍❍
❍❍
G× E′
q×π′E

yyttt
tt
E
πE 
ϕ // E′
πE′
A
ta
// A
A×A
s
::✉✉✉✉✉
id×ta
// A×A
s
ee❑❑❑❑❑
(4) By construction, the scheme-theoretic image
ρ(S) : 1 // ρ(H) // ρ(G)
q|ρ(G) // A // 0
is a closed sub-extension of 1 // Aut0(E) // Autgr(E)
q // A // 0 .
Definition 3.22. Let S: 1 // H // G
q // A // 0 be an affine torsor exten-
sion of the Abelian variety A.
(1) Call ωgr : Rep(S) → HVBgr(A) the forgetful functor in the category of homo-
geneous vector bundles over A.
(2) Define the wide subcategory Rep0(S) ⊂ Rep(S), with morphisms the pairs
(f, id) that commute with the action (compare with Definition 3.9). The functor
ωgr, restricts to a functor ω0 : Rep0(S)→ HVB(A).
Next we present some basic definitions that will be used in Section 4 when dealing
with Tannaka’s reconstruction results in the context of pro-algebraic affine torsor
extensions.
Remarks 3.23. (1) In the context above, the category Rep0(S) is monoidal and
ω0 is a monoidal functor.
(2) Consider the following diagram of categories and functors:
Rep0(S)
ω0 
  // Rep S
ωgr
HVB(A) 
 // HVBgr(A).
Recall that a natural transformation λ : ωgr ⇒ ωgr is a family (λE)E∈Rep(S)
such that for every G-equivariant morphism α ∈ HomRep(S)(E,E
′) the following
diagram is commutative:
ωgr(E)
ωgr(α) //
λE

ωgr(E
′)
λE′

ωgr(E)
ωgr(α)
// ωgr(E′)
(3) Let λ = (λE)E∈Rep(S) : ωgr ⇒ ωgr be a natural transformation, and E,E
′ ∈
Rep(S) two S–modules. If E ∈ Rep(S), let πE : E → A, πωgr(E) : ωgr(E) → A
and qE : Endgr
(
ωgr(E)
)
→ A be the canonical projections. Using the notation
introduced in example 3.6, let θ := θ0 : E → E
′ given by θ(v) = 0b ∈ E
′
b if v ∈ Eb
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be the pseudo-zero morphism of degree 0 and let ωgr(θ) : ωgr(E) → ωgr(E′) be
its image under the forgetful functor. Then we have the following commutative
diagram:
ωgr(E)
λE

ωgr(θ) // ωgr(E′)
λE′

ωgr(E)
ωgr(θ)
// ωgr(E′)
In particular, as observed in Remark 3.5(1), if λE ∈ Enda(E) and λ′E ∈ Enda′(E),
then ωgr(θ) ◦ ωgr(λE) ∈ Homa(E,E′), and ωgr(λ′E) ◦ ωgr(θ) ∈ Homa′(E,E
′). Since
ωgr(θ) ◦ ωgr(λE) = ωgr(λ′E) ◦ ωgr(θ), it follows that a = a
′. In other words, all the
morphisms of the natural transformation λ induce the same traslation ta = tλE in
the base A. We call a the degree of the natural transformation λ and denote it by
deg(λ) = a.
Hence, Nat(ωgr) =
⋃
a∈ANata(ωgr) where Nata(ωgr) := {λ ∈ Nat(ωgr) : deg(λ) =
a}. Observe, that using the above notations, we have that Nat0(ωgr) = Nat(ω0).
Next we pick up the natural transformations that will be crucial for our recon-
struction process.
Definition 3.24. In the context above, we call End⊗(ωgr) ⊂ Nat(ωgr) the set of
natural transformations (λE)E∈Rep(S) ∈ Nat(ωgr) such that
(i) λE1⊗E2 = λE1 ⊗ λE2 for all E1, E2 ∈ Rep(S) (see Lemma 3.15);
(ii) λ1 = (id, ta) : (k×A)→ (k×A).
Let End⊗a (ωgr) := End
⊗(ωgr) ∩ Nata(ωgr); then End
⊗(ωgr) =
⋃
a∈A End
⊗
a (ωgr).
Observe that End⊗(ωgr) is an abstract monoid, equipped with a projection qωgr :
End⊗(ωgr)→ A; the map qωgr is a morphism of abstract monoids.
Remark 3.25. Notice that End⊗a (ωgr) is the set of natural transformations of the
forgetful functor ω0 = ωgr|Rep0(S) : Rep0(S) → HVB0(A) on itself as a monoidal
functor.
Definition 3.26. Given an object E in Rep0(S) we can define the two categories
Rep0(S)E and Rep(S)E along the same lines than the constructions of Definition
3.12. The first category is abelian monoidal and generated by E, the second is its
wide extension obtained by taking the graded morphisms. We have the following
commutative diagram:
Rep0(S)
ω0

hh
5 UPP
PPP
  // Rep S
ωgr

Rep0(S)Eω0|
vv♥♥♥
♥♥
⊆ Rep(S)E
) 	
66♠♠♠♠♠♠
ωgr|
((◗◗
◗◗◗
HVB(A)
  // HVBgr(A)
Remarks 3.27. (1) As in the case of HVBgr(A), the category Rep(S) does not
have a natural monoidal structure (see Remark 3.43 below). However, the charac-
terization of the representations of S presented in Proposition 3.29 below exhibits
a situation where Rep0(S) is a monoidal, rigid, k–linear category. Later we also
consider more general results of this kind.
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(2) Let E ∈ Rep(S) and consider the restriction of the forgetful functor ωgr :
Rep(S) → HVBgr(A) to the subcategory Rep(S)E (see Definition 3.26). If µ ∈
End⊗
(
ωgr|Rep(S)E
)
, from the conditions on the family µ it follows that µE deter-
mines µ. Moreover, the universal property of the category Rep(S)E guarantees that
End⊗
(
ωgr|Rep(S)E
)
is isomorphic with a closed submonoid scheme of Endgr
(
ωgr(E)
)
and hence it is an algebraic monoid scheme.
Definition 3.28. If G is a quasi-compact group scheme over the Abelian variety
A, we define the category Rep(G) as the category Rep(S), where
S : 1 // H // G
q // A // 0
is the Chevalley decomposition of G (see Theorem 2.36 and Definition 2.37). In
this context we can consider the forgetful functor ωgr : Rep(G)→ HVBgr(A). In a
similar manner we define the wide subcategory Rep0(G) and the associated forgetful
functor ω0 : Rep0(G)→ HVB(A).
Proposition 3.29. Let S : 1 // H // G
q // A // 0 be a locally isotrivial
affine extension and π : E → A a representation of S. Then E and G ×H E0 are
isomorphic in the category HVB(A), where the action H × E0 → E0 is given by
restriction. Conversely, given a finite dimensional representation H × V → V , the
induced vector bundle G×H V (compare with Theorem 2.16) is a representation of
S.
Moreover, the category Rep0(S) is equivalent to Repfin(H), the category of finite
dimensional representations of H. In particular Rep0(S) is an abelian, monoidal,
rigid category.
Proof. Considering the associated morphism of torsor extensions
S :
̺

1 // H //

G
q //
ρ

A // 0
Autgr(E) 1 // Aut0(E) // Autgr(E)
π // A // 0
it is clear that H × E0 → E0 is a rational representation of H . Since q : G→ A =
G/H is locally isotrivial, it follows thatG×HE0 → A is a (necessarily homogeneous)
vector bundle. The morphism G×E → E restricted to E0: G×E0 → E induces a
morphism G×H E0 → E, that can be proved to be an isomorphism in the category
HVB(A). The converse statement is proved directly.
At the level of arrows we proceed as follows. Given a morphism of H–represen-
tations f : V → W , the morphism id×f : G × V → G ×W induces a morphism
f˜ : G ×H V → G ×H W . Indeed, let ϕU : H × U → U and ψU =
(
m ◦ (p2, i ◦
p1), ϕU ◦ p13
)
: H × G × U → G × U denote the H–action and the H–diagonal
action respectively, for U = V,W . Then
(id×f) ◦ ψV =
(
m ◦ (p2, i ◦ p1), f(ϕU ◦ p13)
)
=(
m ◦ (p2, i ◦ p1), ϕU ◦ p13 ◦ (id× id×f)
)
= ψW ◦ (id×f).
On the other hand, it is clear that if E,E′ are S–modules and (f, id) : E → E′ is
a morphism of vector bundles (that is, f fixes the base A) and commutes with the
G–action, then the restriction f
∣∣
E0
: E0 → E′0 is a morphism of H–representations.
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Clearly, the constructions presented here are inverses to each other up to iso-
morphism. In other words, the functors F : Rep0(S) → Repfin(H), E 7→ E0,
Hom0(E,E
′) ∋ f 7→ f
∣∣
E0
, and F ′ : Repfin(H) → Rep0(S), V 7→ G ×
H V , f 7→ f˜
establish an equivalence of categories. 
In order to deal with Proposition 3.29 in the setting of pro-algebraic affine torsor
extensions (Theorem 3.32 below), we need to deal first with the case of finite type
affine torsor extensions.
Theorem 3.30. Let S : 1 // H // G
q // A // 0 be a torsor extension of
finite type, and V ∈ Repfin(H) a finite dimensional (rational) H–module. Then the
geometric quotient G×H V = (G× V )/H exists, and the induced space G×H V is
a representation of S (in particular, G×H V is a vector bundle over A).
Conversely, if the vector bundle π : E → A is a representation of S, then E and
G×H E0 are isomorphic in the category HVB(A), where the action H × E0 → E0
is given by restriction.
Moreover, the category Rep0(S) is equivalent to Repfin(H), the category of finite
dimensional representations of H. In particular Rep0(S) is an abelian, monoidal,
rigid category.
Proof. Let Gant be the anti–affine factor of G and consider the diagram below:
1 // H // G
q // A // 0
1 // Gant ∩H //
?
OO
Gant
?
OO
q|Gant // A // 0.
For a finite dimensional rational H–module V first we restrict the H–action
to (Gant)aff ⊂ Gant ∩ H (see Theorem 2.43) — we do not change notation for V
when endowed with the new action —, and then we consider the induced variety
E = Gant ×(Gant)aff V . It follows from Proposition 3.29 that E is a vector bundle
with an action of Gant by left multiplication; moreover, the restriction of the Gant–
action induces a structure of (Gant)aff–module on E0, isomorphic to V . Next,
we proceed to extend the Gant–action to an action of G
′ = Gant ×(Gant)aff H =
(Gant×H)/(Gant)aff . Since Gant is central in G, the morphism ϕ : H×(Gant×V )→
Gant×V , ϕ
(
h, (g, v)
)
= (g, hv) satisfies that for all ℓ ∈ (Gant)aff , ϕ
(
h, (gℓ−1, ℓv)
)
=
(gℓ−1, hℓv) = (gℓ−1, ℓhv). Hence, ϕ induces a morphism ϕ : H × E → E, linear
on the fibers. Moreover, the action (Gant ×H)× E → E, (g, h) · [g
′, v] = [gg′, hv]
factors through Gant×(Gant)aff H and hence induces a morphism ψ : G′ → Autgr(E).
Next, we show that the geometric quotient G′×H V = (G′×V )/H exists and is
a vector bundle over A, isomorphic as a G′–vector bundle to E in HVB(A). First
we describe the actions and maps relevant to our proof. The action ψ : G′×E → E
restricts to the morphism ψ˜ : G′×E0 = G′×V → E, ψ˜
(
[g, h], [1, v]
)
= [g, hv]. The
morphism ψ˜ is invariant for the diagonal action of H on G′ × V . Indeed,
ψ˜
(
[g, h][1, (h′)−1], [1, h′] · [1, v]
)
= ψ˜
(
[g, h(h′)−1], [1, h′v]
)
=
[g, h(h′)−1h′v] = ψ˜
(
[g, h], [1, v]
)
.
Moreover when we endow G′ × V and E with the G′–actions given respectively by
multiplication on the left and by ψ, the map ψ˜ : G′ × V → E is equivariant.
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We start by proving that the ψ˜ : G′ × V → E is the categorical quotient of
G′ × V for the action of H (in the sense of [29, pages 3,4]), where E is considered
as a G′–bundle as above. We need to show that for an arbitrary scheme Y and
H–invariant morphism F : G′ × V → Y there is a unique factorization as in the
diagram below.
G′ × V
F //
ψ˜ ##●
●●
●●
●●
●●
Y
E
F˜
??⑧⑧⑧⑧⑧⑧⑧⑧
.
Consider now an H–invariant morphism F : G′ × V → Y . Then F restricts to
a (Gant)aff–invariant morphism F : Gant × EV → Y , and therefore factors through
a morphism F˜ : E → Y . Since G′ = GantH , it follows that F factors through F˜ .
Indeed, F˜ ◦ ψ˜
(
[g, h], v)
)
= F˜
(
[g, hv]
)
= F (g, hv) = F ([g, 1], hv) = F
(
[g, h], v
)
.
The construction of E as a geometric quotient of Gant ×(Gant)aff V was deduced
from Proposition 3.29. The explicit construction above, plus the fact that the
quotient morphism ψ˜ for G′ × V is defined in terms of the quotient morphism for
p : Gant × V → E guarantees that ψ˜ is in fact geometric. Indeed, observe that we
have the following commutative diagram
Gant × V _

p // E
G′ × V
ψ˜
66♥♥♥♥♥♥♥♥♥♥♥♥♥♥
Since p′ : Gant ×H → (Gant ×H)/(Gant)aff = G′ = GantH and p are geometric
quotients, it follows that ψ˜ is submersive. Indeed, U ⊂ E is open if and only if
p−1(U). If g ∈ Gant, h ∈ H and v ∈ V , then
(
[g, h], v
)
∈ ψ˜−1(U) if and only if
g·(h·v) = gh·v ∈ U . It follows that
(
[g, h], v
)
∈ ψ˜−1(U) if and only if [g, hv] = [g′, w]
with g′ ∈ Gant, w ∈ V such that (g′, w) ∈ p−1(U). Hence
(
[g, h], v
)
∈ ψ˜−1(U) if
and only if there exists a ∈ (Gant)aff such that g′ = ga−1, hv = aw. It follows that(
[g, h], v
)
=
(
[ga1 , aa1h, aw
)
∈ (p′ × id)
(
H × p−1(U)
)
. Hence
ψ˜−1(U) = H · p−1(U) = (p′ × id)
(
H × p−1(U)
)
⊂ G′ × V,
and it follows that ψ˜−1(U) is open in G′ × V if and only if p−1(U) is open in
Gant × V .
Since if f ∈ ψ˜−1(U) is H–invariant then its restriction to p−1(U) is (Gant)aff–
invariant, it follows that OE(U) is the sub-sheaf of ψ˜∗
(
OG×V (ψ˜−1(U)
)
of the H–
invariant sections.
It only remains to prove that the geometric fibers over geometric points over
an algebraically closed field are the orbits (since G′ and G′ × V are of finite type,
see [29, loc. cit.]). Let [g, v] ∈ E be such a geometric point. By construction,
we can assume that g ∈ Gant; it follows that p−1 is the (Gant)aff–orbit of (g, v).
But, since the diagonal H–action on G′ × V restricts to the (Gant)aff–action and
that GantH = G
′ it follows that the fiber over [g, w] of the canonical projection
G′ × V → E is exactly the H–orbit of (g, v).
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Consider the isogeny α : G′ → G (see theorems 2.24 and 2.43) and let its finite
kernel be N = ∆(Gant ∩H)/(Gant)aff , where ∆(n) = [n−1, n]. By construction N
acts on E = Gant×
(Gant)aff V by [n−1, n] · [g, v] = [n−1g, nv] = [gn−1, nv] = [g, v] for
g ∈ Gant, v ∈ V . It follows that the G′–action on E factors through aG–action, that
we denote φ. Using a similar argument than before, we deduce that the categorical
quotient G×H V = (G×V )/H exists and is isomorphic to E as a G–vector bundle
over A:
Consider the restriction of φ to a morphism φ˜ : G×E0 → E. Then by construc-
tion, ψ˜ is H–invariant for the diagonal action, and G-equivariant for the actions by
left multiplication and φ respectively. Let F : G×E0 → Y be an H–invariant mor-
phism, and consider the restriction F : Gant × V → Y . Then F factors through a
unique morphism F˜ : E = Gant×
(Gant)aff V → Y . Since G = GantH , it follows that
F factors through F˜ . It is clear that φ˜ is the geometric quotient for the diagonal
H–action.
Conversely, it is clear that if E is a S–module, then E0 is an H–module. Let ̺ :
S → Autgr(E) be the corresponding morphism of affine extensions. The morphism
ϕ : G×E0 → E, ϕ(g, v) = ρ(g)(v) clearly extends to a surjective morphism of vector
bundles ϕ : G×HE0 → E; being surjective, ϕ is an isomorphism. Conversely, if V is
an H–module, it is clear that the fiber (G×H V )0 is isomorphic to V as H–module.
The proof of the equivalence of the categories follows the same pattern than the
proof presented in Proposition 3.29. 
The following quite easy result on the representations of affine group schemes
will be needed in the proof of Theorem 3.32.
Lemma 3.31. Let H = limHα an affine group scheme, where {Hα}α∈I is an
inverse system of algebraic group schemes, with ρα,β : Hα → Hβ surjective mor-
phisms. If V is an H–module, then there exists β ∈ I such that V is a Hα–module
for all α > β. In particular, if ρα : H → Hα is the canonical projection and
Kα = Ker(ρα), then Kα acts trivially on V .
Proof. Indeed, the group schemes morphism ρ : H → GL(V ) correspond to a
morphism of Hopf algebras k
[
GL(V )
]
→ k[H ]. Since k
[
GL(V )
]
is finitely generated
and that k[H ] is the directed union of k[Hα] (since the morphisms H → Hα are
surjective), the result follows. 
Combining Theorem 3.30 and Lemma 3.31, we can describe the representations
of a pro-algebraic affine torsor extension as follows.
Theorem 3.32. Let S : 1 // H // G
q // A // 0 be a pro-algebraic affine
torsor extension and V ∈ Repfin(H) a finite dimensional (rational) H–module.
Then the geometric quotient G ×H V = (G × V )/H exists, and the induced space
G×H V is a representation of S (in particular, G×H V is a vector bundle over A).
Conversely, if the vector bundle π : E → A is a representation of S, then E and
G×H E0 are isomorphic in the category HVB(A), where the action H × E0 → E0
is given by restriction.
Moreover, the category Rep0(S) is equivalent to Repfin(H). In particular Rep0(S)
is an abelian, monoidal, rigid, category.
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Proof. Let S = limSα, where
{
Sα : 1 // Hα // Gα
qα // A // 0
}
α∈I
is an
inverse system of affine torsor extensions of finite type.
Let V be a finite dimensionalH–module. Then by Lemma 3.31 there exists β ∈ I
such that V is aHα–module for all α > β. Let Eα = Gα×HαV be the corresponding
Sα–module, for α > β; then Eα is canonically a S–module via ̺ : S → Sα. On the
other hand, the morphisms ρα,β : Gα → Gβ induce surjective morphisms of vector
bundles ϕα,β : Eα → Eβ . Therefore, ϕα,β is an isomorphism for all α, β > γ. It
follows that E = limEα exists and is isomorphic as vector bundle to Eα. Moreover,
since ϕα,β
(
g · [g′, v]
)
= ϕα,β
(
[gg′, v]
)
=
(
[ρα,β(gg
′), v]
)
= ρα,β(g) · ϕα,β
(
[g′, v]
)
, it
follows that the morphisms ϕα,β are G–equivariant, and therefore E ∼= Eα as S–
modules for all α > β. In particular, we have the following commutative diagrams
for α > β
(3.1) G× V
ρα×id

// E
∼=

Gα × V // Eα
Recall that Gα×V → Eα is the geometric quotient for the diagonal Hα–actions.
On the other hand, if Kα denotes the kernel of ρα : G→ Gα, then Kα ⊂ H . Since
Kα acts trivially on V (see Lemma 3.31), it follows that ρα× id : G×V → Gα×V
is the geometric quotient. It easily follows that first horizontal arrow of Diagram
(3.1) is the geometric quotient for the diagonal H–action.
Conversely, if E → A is a S–module, then E0 is an H–module and therefore E0
is a Hα–module for α big enough. Since the canonical morphisms E → Gα×
Hα E0
are isomorphisms of S–modules, it is clear that E ∼= G×H E0.
It is now an easy exercise to verify that a morphism of H–modules f : V → W
induces a morphism of S–modules f˜ : G×HV = Gα×HαV → Gα×HαW = G×HW .
Therefore, we have just constructed a functor Repfin(H) → Rep0(S) such that
V 7→ G ×H V and HomRepfin(H)(V,W ) ∋ f 7→ f˜ ∈ Hom0(G ×
H V,G ×H W ).
This functor is clearly the inverse functor of the “restriction to the fiber” functor
Rep0(S)→ Repfin(H). 
Remark 3.33. As a consequence of Theorem 3.32, given an H–module ρ : H →
GL(V ), there exists only one S–module E (up to isomorphism) such that E0 ∼= V
as H-modules. Namely, EV = Gα ×Hα V for α > β (notations of the mentioned
theorem).
In particular, if E is a S–module, then E = Gα ×Hα E0 for all α > γ.
Since an S–module is homogeneous and the action G×A→ A is transitive, the
following lemma follows easily.
Lemma 3.34. Let S : 1 // H // G
q // A // 0 be a pro-algebraic affine
torsor extension and ̺ : S → Autgr(E) be a representation of S. Then for any
geometric point a ∈ A, Ea ∼= E0 as H–modules.
Proof. Let z ∈ Gant be a geometric point such that q(z) = a (see Theorem 2.43).
Then z is central in G and fa : E0 → Ea, fa(e) = z · e is an isomorphism of
H–modules. 
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Lemma 3.35. Let S : 1 // H // G
q // A // 0 be a pro-algebraic affine tor-
sor extension with S = limSα, where
{
Sα : 1 // Hα // Gα
qα // A // 0
}
α∈I
is an inverse system of affine torsor extensions of finite type. Let E,E′ be S–
modules. Let Gant : 1 // (Gant)aff // Gant
q|
Gant // A // 0 the affine torsor
extension associated to Gant given by Theorem 2.43.
Then HomRep(S)(E,E
′) is a Gant–module, and there exists α0 such that
HomRep(S)(E,E
′) ∼= Gα,ant ×
(Gα,ant)aff HomH(E0, E
′
0) ∈ HVBgr(A)
for α ≥ α0.
Proof. Since HomRep(S)(E,E
′) ⊂ Homgr(E,E
′) is defined by linear, algebraic
conditions, it follows that HomRep(S)(E,E
′) is a subvector bundle. Moreover,
if (ϕ, ta) ∈ HomRep(S)(E,E
′), let g ∈ q−1(a) ∩ Gant. Then g is central in G,
and therefore ρV (g) ∈ AutRep(S)(E). It follows that Gant × HomRep(S)(E,E
′) →
HomRep(S)(E,E
′), g·ϕ = ϕρV (g) = ρW (g)ϕ, is aGant–action, and HomRep(S)(E,E
′)
is a Gant–module.
Assume now that Gant is of finite type. Then Gant is an algebraic group and
clearly HomRep(S)(E,E
′) = Gant ×(Gant)aff HomRep0(S)(E,E
′).
In the general case, if α is large enough then HomRep(S)(E,E
′) is a Gα,ant–
module. It follows that HomRep(S)(E,E
′) = Gα,ant ×(Gα,ant)aff HomRep0(S)(E,E
′).

Examples 3.36. (1) Let Gaff : 1 // G
id // G // 0 // 0 be an affine group
scheme viewed as an affine extension. Then Rep(Gaff) = Rep(G), the “classical”
category of representations of an affine group scheme.
(2) Let A be the trivial extension 0 // 0 // A
id // A // 0 . Since a homoge-
neous vector bundle E is trivial if and only if there exists a section A →֒ Autgr(E)
(see Remark 3.18), it follows that Rep(A) has as objects the trivial bundles A×V ,
with action ϕ : A × (A × V ) → A × V , a · (b, v) = (a + b, v). On the other hand
HomRep(S)(E,E
′) = Homgr(E,E
′).
(3) Consider an isogeny ϕ : A → A and the corresponding affine torsor exten-
sion SN : 1 // N // G = A
ϕ // A ∼= A/N // 0 , where N is a normal finite
subgroup scheme. If E ∈ Rep(SN ), then E = A×N V , where V ∈ Rep(N).
It follows that Rep(SN ) can be obtained as follows: let N be the category of
the trivial homogeneous vector bundles built on Rep(N), that is E ∈ Obj(N ) if
E = A × V , with V ∈ Rep(N), and ϕ ∈ HomC(A × V,A × V ′) if and only if
ϕ(b, v) =
(
a + b, f(v)
)
, with a ∈ A and f ∈ HomRep(N)(V, V
′). Consider the
functor Q : N → HVBgr(A) given by the quotient by the diagonal action n ·(a, v) =
(an−1, nv). Then the Rep(SN ) is the image of N by Q.
(4) Let L ∈ Pic(A) be an invertible homogeneous vector bundle. Then L× =
L \ θ(L), where θ : A → L is the trivial section, is an algebraic group, with
Chevalley decomposition induced by the canonical projection π : L → A (see [33,
Theorem 2] and [6, Corollary 6]): L× : 1 // k∗ // L×
π|
L
×
// A // 0 .
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It follows from Proposition 3.29 that E is an L×–module if and only if E ∼=
L××k
∗
V , where V is a k∗–module. On the other hand, it is clear that L⊗n is an L×–
module, with action L××L⊗n → L⊗n given by a·(l1⊗· · ·⊗ln) = (a·l1)⊗· · ·⊗(a·ln).
It follows that if V ∼= ⊕Vi, where a · v = a
iv for v ∈ Vi, then E ∼=
⊕
i
⊕dimVi
j=1 L
⊗i.
3.3. The category Rep(S).
In this paragraph we collect some basic properties of the representation theory
of an affine torsor extension S : 1 // H // G
q // A // 0 .
We begin by exhibiting an affine torsor extension GA such that Rep(GA) ∼=
HVBgr(A). Brion constructs in [12] and [13] the projective cover of A in the cate-
gory of commutative pro-algebraic group schemes. The corresponding affine torsor
extension GA — called the universal extension of the Abelian variety A — is the
procured extension. In [13, Theorem 2.9], Brion proves a version of Theorem 3.32
for GA, in the context of the category HVB0(A). This work, that is related to ours,
has been done simultaneously to this paper.
Example 3.37 (The universal extension of an Abelian variety). Given a homo-
geneous vector bundle E → A, consider the algebraic group scheme Autgr(E) (see
Remark 3.18), and let Autgr(E)ant be the associated closed sub-extension of anti-
affine type
Autgr(E)ant _

1 // (Autgr(E)ant)aff _

// Autgr(E) _

qE |Autgr(E) // A // 0
Autgr(E) 1 // Aut0(E) // Autgr(E)
qE // A // 0
Then E ∼= Autgr(E)ant ×(Autgr(E))aff E0.
Thus, if one consider an inverse system within the family of the extensions
Autgr(E)ant — for example, such a family can by constructed using the partial
order E ≤ E′ if E ∼= E′ ⊕ E′′ for some homogeneous vector bundle E′′, see the
proof of Lemma 4.6 —, one gets a (commutative) pro-algebraic extension:
GA
̺E

1 // HA
ρE |HA

// GA
ρE

q // A // 0
Autgr(E)ant 1 // (Autgr(E)ant)aff // Autgr(E)
qE // A // 0
that is called the universal (commutative) extension of the Abelian variety A.
The equivalence of Brion’s construction and the construction of GA as an inverse
limit, is a direct consequence of the Tannaka Duality Theorem 4.8, see Example
5.3.
Observe that the affine extension GA, being the inverse limit of extensions anti-
affine type, is also of anti-affine type, by Theorem 2.31.
Next, we prove that Rep(GA) ∼= HVBgr(A).
If E → A is a homogeneous vector bundle, then the morphism ̺A : GA →
Autgr(E)ant ⊂ Autgr(E) is a representation for GA. Consider the restricted action
HA × E0 → E0; by Theorem 3.32 the induced variety GA ×
HA E0 exists. Clearly,
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E ∼= GA ×HA E0 in HVB0(A), and therefore the vector bundles are isomorphic in
HVBgr(A).
By Theorem 3.32, it follows that Rep0(GA) is equivalent to Repfin(HA).
Conversely, let E ∈ Rep(GA). Then
E ∼= Autgr(E)×
Aut0(E) E0 ∼= Autgr(E)ant ×
(Autgr(E)ant)aff E0.
Moreover, let E,F ∈ HVBgr(A) be two vector bundles. Then GA acts linearly
on Hom0(E,F ), and being anti-affine, it follows that GA acts trivially. On the
other hand, it follows from [6, Proposition 2] that
Homgr(E,F ) ∼= Autgr(E)ant ×
(Autgr(E)ant)aff Hom0(E) ∼=
Autgr(F )ant ×
(Autgr(F )ant)aff Hom0(E).
In particular, we have the following equalities of algebraic monoids (see Re-
mark 3.18), induced by the canonical surjective morphisms of algebraic monoids
Hom0(E,F )×Autgr(E)→ Homgr(E,F ) and Autgr(F )×Hom0(E,F )→ Homgr(E,F ):
Homgr(E,F ) = Hom0(E,F )Autgr(E) = Hom0(E,F )Autgr(E)ant =
Autgr(F )Hom0(E,F ) = Autgr(F )antHom0(E,F )
Hence, it follows easily that any morphism ϕ ∈ Hom0(E,F ) is GA–equivariant.
In other words, HomRep(GA)(E,F ) = Hom0(E,F ).
The remarks above show that the category Rep(GA) is equivalent to HVBgr(A).
Example 3.38. Recall that any affine group scheme G can be interpreted as
an affine torsor extension of the trivial Abelian variety A = Spec(k) (see Ex-
ample 2.8); in particular, the trivial group Spec(k) corresponds to the sequence
E : 1 // Spec(k) // Spec(k) // Spec (k) // 0 . Analogously, the category
HVB
(
Spec(k)
)
is equivalent to Vectk.
Moreover, Rep(E) = HVB
(
Spec(k)
)
∼= Vectk = Rep
(
Spec(k)
)
. On the other
hand, since Autgr(V ) = GL(V ) and that GL(V )ant = Spec(k), it follows that
GSpec(k) is the inverse limit of the constant trivial extension E . Hence, GA = E and
GSpec(k) = Spec(k) — as expected from the Tannaka Duality Theorem for affine
group schemes applied to the category Vectk with the identity as forgetful functor.
The definition that follows is the natural generalization of the one referred to
the affine case.
Definition 3.39. An S–module E ∈ Rep(S) is faithful is the corresponding mor-
phism S → Autgr(E) is a closed immersion of affine extensions.
Remark 3.40. Let S : 1 // H // G
q // A // 0 be an affine torsor extension
and ̺ : S → Autgr(E) be a representation. Since H →֒ G is a closed immersion, it
follows that ̺ is faithful if and only if ρ : G→ Autgr(E) is a closed immersion.
Theorem 3.41. Let S : 1 // H // G
q // A // 0 be an affine torsor ex-
tension. Then S is of finite type if and only if there exists a faithful S–module
E ∈ Rep(S).
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Proof. Recall that G is of finite type if and only if H is so (see Remark 2.7). If
H is of finite type, then there exists a faithful representation ρV : H →֒ GL(V ).
Consider the induced S–module EV = G×H V (see Theorem 3.30). Then we have
a morphism of affine torsor extensions
S :
̺

1 // H //
ρ
∣∣
H 
G //
ρ

A // 0
Autgr(EV ) : 1 // Aut0(E) // Autgr(E) // A // 0
where ρ
∣∣
H
: H → Aut0(E) is a closed immersion. It follows that ̺ is an closed
immersion.
On the other hand, if there exists a faithful representation ̺ : S → Autgr(E),
then the restriction ρ
∣∣
H
: H → Aut0(E) is a closed immersion. It follows that the
restriction ̺
∣∣
H×E0
: H ×E0 → E0 is a faithful representation of H . Therefore, S is
of finite type. 
Lemma 3.42. Let S : 1 // H // G
q // A // 0 be a pro-algebraic affine tor-
sor extension, and S ′ : 1 // H ′ // G′
q|
G′ // A // 0 a closed sub-extension.
Then there exists a homogeneous vector bundle E ∈ Rep(S) and a homogeneous line
sub-bundle L ⊂ E, such that G′ is the stabilizer of L, that is for all schemes T ,
G′(T ) =
{
g ∈ G(T ) : g induces an T–automorphism in L× S}
(see for example [10, § 2.2]).
Proof. It is well known that given the pair H,H ′ as above, there exists a pair of
finite dimensional H–modules W ⊂ V such that W is one-dimensional and H ′ is
the stabilizer of W , i.e. H ′ is the largest closed subscheme group of H such that
H ·W ⊂W (see for example [20, Chapter 8, Theorem 2.3]).
Let S = limSα, with Sα : 1 // Hα // Gα
qα // A // 0 of finite type. Let
̺α : S → Sα be the canonical morphisms and S ′α = ̺α(S
′). By Lemma 2.42,
S ′ = limS ′α is a pro-algebraic affine torsor extension.
By Theorem 3.32 the quotients EV = G ×H V and EW = G′ ×H
′
W exist.
We show that ϕ : EW → EV , the morphism induced by the canonical morphism
G × W → EV , (g, w) 7→ [g, w]; is an immersion of vector bundles. Indeed, if
ξi = [gi, wi] ∈ EW = G×HW , i = 1, 2, such that [g1, w1] = [g2, w2] ∈ EV = G×HV ,
then there exists h ∈ H such that g2h = g1 and w1 = h ·w2. It follows that h ∈ G
′
and therefore h ∈ H ′; hence, ξ1 = ξ2.
Let L = ϕ(EW ) ⊂ EV be the subvector bundle image of ϕ; we prove that L ⊂ EV
does the required job for G and G′. Let g ∈ G be such that g · L = L; we want to
prove that g ∈ G′. Since g stabilizes L, it follows that g · [g1, w1] = [gg1, w1] ∈ L;
therefore there exist g2 ∈ G
′, w2 ∈W such that [gg1, w1] = [g2, w2].
Assume that g ∈ H . If moreover g1 = 1, then [g2, w2] = [g, w1] = [1, gw1], and
there exists t ∈ H such that t = g2 and tw2 = gw1. It follows that t ∈ H ∩G′, and
thus gw1 ∈W for all w1 ∈W . Therefore, g ∈ H ′.
If g ∈ G is arbitrary, let c ∈ G′ such that gc−1 ∈ H . Then gc−1 stabilizes L and
therefore gc−1 ∈ H ′. It follows that g ∈ G′. 
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Remark 3.43. Let S : be an affine torsor extension. Since Rep0(S) is an abelian
monoidal rigid category, it follows that given E,E′ ∈ Rep(S), then E∨, E ⊕ E′
and E⊗E′ are also S–modules, but the corresponding universal properties are not
verified in the category Rep(S). However, Lemma 3.15 implies the following weaker
version of the universal properties.
Lemma 3.44. Let S : 1 // H // G
q // A // 0 be an affine torsor extension
and E,E′, F, F ′ ∈ Rep(S). Consider the morphisms (f, ta) ∈ HomRep(S)(E,F ),
(f ′, ta) ∈ HomRep(S)(E
′, F ′), and (g, ta) ∈ HomRep(S)(E
′, F ). Then (f ⊗ f ′, ta) ∈
HomRep(S)(E ⊗ E
′, F ⊗ F ′) and (f + g, ta) ∈ HomRep(S)(E ⊕ E
′, F ).
Proof. Immediate. 
4. Recovering an affine torsor extension from its representations
In this section we fix S : 1 // H // G
q // A // 0 , a pro-algebraic affine
torsor extension: S = limSα, where
{
Sα : 1 // Hα // Gα
qα // A // 0 ; ̺α,β}α,β∈I
is an inverse system of affine torsor extensions of finite type. Call ̺α : S → Sα the
canonical maps depicted in the diagram below:
S :
̺α

1 // H
ρα
∣∣
H 
// G
ρα

q // A // 0
Sα : 1 // Hα // Gα
qα // A // 0.
As in the classical case of Tannaka Duality for affine group schemes, given now the
more general situation of a pro-algebraic extension S and the category Rep(S), we
characterizeG as the group scheme consisting of all the (families of) automorphisms
of the objects E ∈ Rep(S) that commute with all the morphisms of the category
f ∈ HomRep(S)(E,E
′) and that satisfy additional compatibility conditions related
to the abelian and monoidal properties of Rep(S).
Following the usual pattern and similarly to the classical case, we first treat the
problem in the “finite type” setting, and then take inverse limits.
Definition 4.1. Let S : 1 // H // G
q // A // 0 be a pro-algebraic affine
torsor extension, and consider the forgetful functor ωgr : Rep(S) → HVBgr(A).
Call Aut⊗(ωgr) the set of invertible elements in End
⊗(ωgr) (see remarks 3.23, 3.25
and 3.27 and definitions 3.24 and 3.26 for the relevant definitions).
Notation 4.2. To give an S–module is equivalent to give a homogeneous vector
bundle E over A, together with a morphism of affine extensions ̺E : S → Autgr(E).
In the future and in order to simplify the notations, we often omit the morphism ̺E
and write that E is an S–module. The forgetful functor ωgr : Rep(S)→ HVBgr(A)
is given at the level of objects by (E, ̺E) 7→ E. Accordingly, when it does
not produce confusions, the forgetful functor applied to objects is omitted: e.g.
ωgr(E) := E, and similarly for arrows.
Remarks 4.3. (1) If λ ∈ Aut⊗(ωgr), then λE ∈ Autgr(E) for all objects E ∈
Rep(S). This allows to consider Aut⊗(ωgr) as a group functor Aut
⊗(ωgr) : Sch
op →
Groups as follows: given T ∈ Schop, Aut⊗(ωgr)(T ) consists of the families λT =
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(λE,T )E∈Rep(S) with λE,T ∈ Aut
⊗(ωgr)(T ). The automorphisms of T –schemes
λE,T : E×T → E×T , satisfy certain conditions, that we display explicitly in what
follows (compare with Definition 3.24):
(i) There exists a ∈ A such that λE,T fits in the commutative diagram
E × T
πE×id

λE,T // E × T
πE×id

A× T
(ta,id)
// A× T
for all E ∈ Rep(S), T ∈ Schop (see Remark 3.17).
Moreover, if T = Spec(R) is an affine k–scheme, then the restrictions λE,T |Eb×T :
Eb×T → Eb+a×T correspond to R–linear isomorphisms Eb⊗R→ Eb+a⊗R (see
Remark 3.17).
(ii) λE⊗E′,T = λE,T ⊗λE′,T : E⊗E′×T → E⊗E′×T (as functors of T –schemes)
for for all E,E′ ∈ Rep(S);
(iii) λ1,T = (id, ta, id) : (k×A)× T → (k×A)× T , and
(iv) for every G-equivariant morphism α ∈ HomRep(S)(E,E
′) the following diagram
of morphisms over the scheme T is commutative:
E × T
α×id //
λE,T

E′ × T
λE′,T

E × T
α×id
// E′ × T
(2) There exists a canonical morphism (natural transformation) from the group
functor G into Aut⊗(ωgr), given as follows. If T is an scheme, we consider the
morphism of groups gT 7→ gT =
(
ρE(T )(gT )
)
: G(T ) → Aut⊗(ωgr)(T ), where
̺E : S → Autgr(E) is given by
S :
̺E

1 // H //

G
q //
ρE

A // 0
Autgr(E) 1 // Aut0(E) // Autgr(E)
qE // A // 0
Observe that the morphisms of T –schemes ρE(T )(gT ) satisfy the following com-
mutative diagram (with a = q(g)).
E × S
πE×id

ρE(T )(gT ) // E × T
πE×id

A× T
(ta,id)
// A× T,
and are linear on the fibers. Moreover, by definition of Rep(S), it follows directly the
commutativity of the maps gT with the maps that come from applying the forgetful
functor (condition stated in Remark 4.3, (iv)). Regarding the other requirements
in the remarks just mentioned we have that condition (i) was already checked, and
conditions (ii) and (iii) are direct.
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(3) Let E ∈ Rep(S). As in Remark 3.25, consider the restriction of the forgetful
functor ωgr : Rep(S)→ HVBgr(A) to the subcategory Rep(S)E (see Definition 3.26
and Remark 3.27) and construct the corresponding group functor Aut⊗
(
ωgr|Rep(S)E
)
.
Then the map λ 7→ λE identifies Aut
⊗
(
ωgr|Rep(S)E
)
as a group subfunctor with its
image in Autgr(E) ⊂ Aut(E). Moreover, it follows (in a similar manner than in the
mentioned remark) that Aut⊗
(
ωgr|Rep(S)E
)
can be identified with a closed subgroup
scheme of the algebraic group of Autgr(E) and therefore Aut
⊗
(
ωgr|Rep(S)E
)
is an
algebraic group scheme — Aut⊗
(
ωgr|Rep(S)E
)
is the unit group of the algebraic
monoid scheme End⊗
(
ωgr|Rep(S)E
)
.
Remark 4.4. Let E ∈ Rep(S), and consider ̺E : S → Autgr(E). We denote
the scheme-theoretic image ρE(G) by GE . Since Autgr(E) is an algebraic group, it
follows that GE is an algebraic group scheme, and the morphism ̺E factors through
an affine torsor extension SE as follows
S :
̺E

1 // H //

G
ρE

// A // 0
SE : _

1 // (GE)aff _

// GE _

// A // 0
Autgr(E) : 1 // Autgr(E)aff = Aut0(E) // Autgr(E) // A // 0
where the second and third rows are Chevalley decompositions.
Lemma 4.5. Let E ∈ Rep(S). Then Rep(S)E ∼= Rep(SE), the representation
theory of the Chevalley decomposition of GE. Moreover, the canonical inclusion
GE →֒ Aut
⊗
(
ωgr|Rep(S)E
)
is an isomorphism. In particular, the corresponding affine
torsor extensions are isomorphic.
Proof. Recall that GE ⊂ Aut(E) is a closed algebraic subgroup scheme. Since any
representation of GE (resp. Autgr(E)) is a G-homogeneous vector bundle, and that
E is a faithful representation of GE (resp. Autgr(E)), it follows that any representa-
tion of GE (resp. Autgr(E)) belongs to Rep(S)E . Indeed, it follows from Theorem
3.32 that E0 is a faithful representation of (GE)aff and Autgr(E)aff ; therefore, any
(GE)aff–module (resp. Autgr(E)aff–module) belongs to (Vectk)E0 (see for example
[48, § 3.5]). Applying again Theorem 3.32 we deduce that the Obj
(
Rep(SE)
)
=
Obj
(
Rep0(SE)
)
and Obj
(
Rep
(
Autgr(E)
))
= Obj
(
Rep
(
Autgr(E)
))
are contained in
Obj
(
Rep(S)E
)
.
Let F ∈ Rep(S)E be a Autgr(E)–homogeneous vector bundle and L ⊂ F a GE–
line sub-bundle. We prove that Aut⊗
(
ωgr|Rep(S)E
)
stabilizes L. Therefore, since
Aut⊗
(
ωgr|Rep(S)E
)
⊂ Autgr(E) is an algebraic closed subgroup scheme, it follows
from Lemma 3.42 applied to GE ⊂ Autgr(E) that Aut
⊗
(
ωgr|Rep(S)E
)
= GE ; in
particular, notice that Aut⊗
(
ωgr|Rep(S)E
)
aff
= (GE)aff .
Let L ⊂ F as before; then the morphism ρE : G → Autgr(E) induces G–
linearizations on L and F . Since the inclusion ι : L →֒ F is GE–equivariant, it is
also G–equivariant, and it follows that if T is a k–scheme and (ℓ, t) ∈ L× T , then
λE(T )(ℓ, s) = λE(T ) ◦ (ι, id)(ℓ, t) = (ι, id) ◦ λL(T )(ℓ, t) ∈ L× {t}.
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In other words, λE stabilizes L. 
Lemma 4.6. Let S be an affine torsor extension. Let Aut⊗(ω)aff ⊂ Aut
⊗(ω) be
the subgroup functor constructed as follows: given a scheme T ,
Aut⊗(ω)aff(T ) =
{
λ = {(fE , idA) : E ∈ Rep(S)} : λ ∈ Aut
⊗(ω)(T )
}
.
That is, Aut⊗(ω)aff(T ) = Ker(qωgr)(T ), where qωgr : Aut
⊗(ω)(T ) → A(T ) is
given by qωgr
(
(λE), ta) = a. Then the sequence
Aut⊗(ωgr) : 1 // Aut
⊗(ω)aff // Aut
⊗(ω)
qωgr // A // 0
is the inverse limit of the Chevalley decompositions Aut⊗
(
ωgr
∣∣
Rep(SE )
)
:
1 // Aut⊗
(
ωgr|Rep(S)E
)
aff
// Aut⊗
(
ωgr|Rep(S)E
) qωgr|Rep(S)E // A // 0
where the system is directed as follows: if E,E′ ∈ Rep(S), then E′ ≥ E if and only
E = E′ ⊕ F for some F ∈ Rep(S).
In particular, Aut⊗(ωgr) is a pro-algebraic affine torsor extension.
Proof. If E′ ≥ E, then Rep(S)E′ ⊂ Rep(S)E , and the system defined above is
directed, with transition morphisms given by restriction.
1 // (GE)aff // GE // A // 0
1 // Aut⊗
(
ωgr|Rep(S)E
)
aff
//

Aut⊗
(
ωgr|Rep(S)E
) qωgr|Rep(S)E //

A // 0
1 // Aut⊗
(
ωgr|Rep(S)
E′
)
aff
// Aut⊗
(
ωgr|Rep(S)
E′
)
qωgr|Rep(S)
E′
// A // 0
Moreover, by the very definition of Aut⊗(ω) and Aut⊗(ω)aff as group functors, it
follows that
1 // Aut⊗(ω)(E)aff // Aut
⊗(ω)(E) // A // 0
1 // limAut⊗
(
ωgr|Rep(S)E
)
aff
// limAut⊗
(
ωgr|Rep(S)E
)
// A // 0

Notation 4.7. In what follows, K denotes the directed system defined in Lemma
4.6 above.
Theorem 4.8 (Reconstruction of pro-algebraic affine torsor extensions). Let S be
a pro-algebraic affine torsor extension. Then the natural map ϕ : G → Aut⊗(ω)
is an isomorphism of functors G ∼= Aut⊗(ω) : Schop → Groups. Moreover, this
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isomorphism induces an isomorphism of affine torsor extensions
S :
φ ∼=

1 // H //
ϕ
∣∣
H
∼=

G
q //
ϕ ∼=

A // 0
Aut⊗(ωgr)
)
: 1 // Aut⊗(ω)aff // Aut
⊗(ω) // A // 0
In particular, two pro-algebraic affine torsor extensions S and S ′ of the abelian
variety A are isomorphic if and only if there exists an equivalence of categories
F : Rep(S) → Rep(S ′) such that F |Rep0(S) : Rep0(S) → Rep0(S
′) is a monoidal
functor and the following diagram is commutative
Rep(S)
ωgr,Rep(S) &&▲▲
▲▲
▲▲
▲▲
▲▲
F // Rep(S ′)
ωgr,Rep(S’)xxqqq
qq
qq
qq
q
HVBgr(A)
Proof. Let E ∈ Rep(S) and GE ⊂ Autgr(E) be the scheme-theoretic image of
ρE : G → Autgr(E). The group GE is by definition a closed subgroup scheme
of Autgr(E), and an extension of A. Moreover, it is clear from Remark 4.3 that
GE ⊂ Aut(ωgr|Rep(S)E ) ⊂ Autgr(E).
We direct the system of affine torsor extensions
SE : 1 // GE,aff // GE
qE // A // 0
by E′ ≥ E if and only if the representation E′ factorizes trough GE — i.e. there
exists a morphism of group schemes ρE,E′ : GE → GE′ , with ρE′ = ρE,E′ ◦ ρE . In
particular, if E′ ≥ E, then E′ ∈ Rep(SE); it follows that Rep(S)E′ ⊂ Rep(S)E .
Hence, we have the following commutative diagram of algebraic group schemes
GE
∼= //
ρE,E′

Aut⊗
(
ωgr|Rep(S)E
)
ϕE,E′

GE′ ∼=
// Aut⊗
(
ωgr|Rep(S)
E′
)
that fits in a commutative diagram of affine torsor extensions. In particular, one
has that ϕE,E′ is an epimorphism if and only if ρE,E′ is so. It is clear that these
morphisms induce an inverse system indexed by Rep(S), that we call J .
Since S is a pro-algebraic extension, we deduce from Theorem 3.41 that S is
the inverse limit of a subsystem of affine torsor extensions {SE}E∈I , I ⊂ J , and
therefore limJ SE = limI SE = S.
On the other hand, it follows from Lemma 4.6 that the systems of affine tor-
sor extension {SE}J and
{
Aut⊗(ωgr
∣∣
Rep(SE )
)
}
K
(see Notation 4.7) have the same
inverse limit limJ SE = limKAut
⊗(ωgr
∣∣
Rep(SE )
) = Aut⊗(ωgr).
The last assertion is clear. 
Corollary 4.9. Let G and G′ be two quasi-compact group schemes over the Abelian
variety A. Then G ∼= G′ if and only if there exists an equivalence of categories
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F : Rep(G) → Rep(G) such that F |Rep0(G) : Rep0(G) → Rep0(G
′) is a monoidal
functor and the following diagram is commutative
Rep(G)
ωgr,Rep(G) &&▲▲
▲▲
▲▲
▲▲
▲▲
F // Rep(G′)
ωgr,Rep(G’)xxqqq
qq
qq
qq
q
HVBgr(A)
Proof. Just recall that if S and S ′ are the Chevalley decompositions of G and G′
respectively, then G ∼= G′ if and only if S ∼= S ′ (see Remark 2.6). 
Definition 4.10. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion and E an object in Rep(S). Call 〈E〉 the full subcategory of Rep(S) generated
by the objects of the form En and its subquotients.
Proposition 4.11. Let S : 1 // H // G
q // A // 0 be a pro-algebraic affine
torsor extension. Then
(1) H is a finite group if and only if there exists a representation E ∈ Rep(S)
such that any object in Rep(S) is isomorphic to an object of 〈E〉. In particular, the
extension S is of finite type.
(2) G is an algebraic group scheme if and only if there exist E ∈ Rep(S) such that
Rep(S) = Rep(S)E (see Definition 3.26).
(3) S: 1 // H // H ×A // A // 0 is a trivial extension of A, if and only
if any representation of S is a trivial bundle kn × A (compare with Example 3.36
(3)).
Proof. (1) It is enough to prove the corresponding result for Rep0(S) — see
Theorem 3.32. For the proof in this situation of the classical representation theory
of affine groups, see for example [16, Prop. 2.20].
(2) Just combine Theorem 3.41 and Lemma 4.5, together with the fact that if E ∈
Obj
(
Rep(S)
)
is such that Rep(S)E = Rep(S), then G ∼= GE by the Reconstruction
Theorem.
(3) If G = H × A, and E is a representation, then we clearly have a section
A → Autgr(E) of the corresponding affine torsor extension. It follows that E is a
trivial homogeneous vector bundle (see Remark 3.18 above).
Assume now that any S–representation is trivial. Since Autgr(kn×A) = GLn(k)×
A, it follows that GE = KE × A for some closed subgroup scheme KE ⊂ GLn(k).
Therefore, G ∼= limGE = limKE×A = K×A, where K is the affine group scheme
K = limKE. 
5. The Recognition Theorem
Once that the Reconstruction Theorem 4.8 has been proved, its combination
with the structure Theorem 3.32 and with the Recognition Theorem for affine
group schemes, yields the Recognition Theorem for affine torsor extensions.
Theorem 5.1 (Recognition Theorem). Let (C, ωgr) be a k–linear category C to-
gether with a fully faithful k-linear functor ωgr : C → HVBgr(A), such that for any
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pair of objects X,Y ∈ C,
ωgr
(
HomC(X,Y )
)
= Homωgr(C)
(
ωgr(X), ωgr(Y )
)
⊂ Homgr
(
ωgr(X), ωgr(Y )
)
is a subvector bundle. Assume moreover that the category C0 with objects Obj(C0) =
Obj(C) and morphisms HomC0(X,Y ) = ωgr
−1
(
Hom0
(
ωgr(X), ωgr(Y )
))
is abelian,
monoidal, rigid — in other words, ωgr(C)0 = ωgr(C)∩HVB0(A) is abelian, monoidal,
rigid. Then there exists a pro-algebraic affine torsor extension SC such that C is
equivalent with Rep(SC).
Proof. Let X ∈ C. Then, by hypothesis, ωgr
(
EndC(X)
)
= Endωgr(C)
(
ωgr(X)
)
⊂
Endgr
(
ωgr(X)
)
is a closed algebraic submonoid, and therefore
ωgr
(
AutC(X)
)
= Autωgr(C)
(
ωgr(X)
)
⊂ Autgr
(
ωgr(X)
)
is an algebraic group. Let ZX = ωgr
(
AutC(X)
)
ant
. Then ZX is a central algebraic
subgroup of Autωgr(C)
(
ωgr(X)
)
, and its Chevalley decomposition
ZX : 1 // (ZX)aff // ZX
qX // A // 0
is a closed sub-extension of Autgr
(
ωgr(X)
)
.
We direct the system {ZX} by X ∈ C as follows: X ′ ≥ X if and only if there
exists a surjective morphism of algebraic torsor extensions ZX → ZX′ . By Theorem
2.31, the inverse limit
Z = limZX : 1 // Zaff // Z
q // A // 0
is an pro-algebraic extension of anti-affine type.
Since the canonical surjections ̺X : Z → ZX are morphisms of affine torsor
extensions, it follows that ωgr(X) ∈ Rep
(
Z
)
for any object X ∈ C. Since Z is
anti-affine, it follows from Lemma 3.35 and Theorem 3.32 that EndRep(Z)
(
ωgr(X)
)
is a Z–module, with
EndRep(Z)
(
ωgr(X)
)
= ZX ×
(ZX)aff EndRep((ZX )aff )
(
ωgr(X)0
)
=
ZX ×
(ZX)aff EndRep(ZX)0
(
ωgr(X)
)
for X large enough. In particular, an automorphism f ∈ AutRep(Z)
(
ωgr(X)
)
is
determined by its restriction at the fiber ωgr(X)0. Indeed, if a ∈ A is a geometric
point, v ∈ ωgr(X)a and z ∈ q−1(a), then f(v) = f(zz−1v) = zf(z−1v). Here, we
used the fact that Z being a commutative group, the morphism v 7→ z · v is an
automorphism of ωgr(X) in Rep(Z).
Since by construction ZX is central in ωgr
(
AutC(X)
)
= Autωgr(C)
(
ωgr(X)
)
,
it follows that ωgr
(
AutC(X)
)
⊂ AutRep(Z)
(
ωgr(X)
)
. Thus, any morphism f ∈
ωgr
(
AutC(X)
)
is determined by its restriction to the fiber ωgr(X)0. It follows that
the functor ω0 : HVB0(A)→ Vectk, ω0(E) = E0, ω0(f : E → E′) = f
∣∣
E0
: E0 → E′0
is fully faithful. Therefore, ωgr(C0) = ωgr(C)0 is the representation theory of an
affine group scheme H — this is the Reconstruction Theorem for affine group
schemes, see [16, Proposition 2.8].
Let Aut⊗(ωgr) be as presented in Definition 4.1 (for the category C instead of
Rep(S)), and for X an object of C define CX ⊂ C as in definitions 3.26 and 3.12.
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Then, as in Remark 4.4 and Lemma 4.6, it follows that we have an inverse limit of
affine torsor extensions of finite type
Aut⊗(ωgr) :

1 // Aut⊗(ωgr)0 //

Aut⊗(ωgr) //

A // 0
Aut⊗
(
ωgr
∣∣
CX
)
: 1 // Aut⊗
(
ωgr
∣∣
CX
)
aff
// Aut⊗
(
ωgr
∣∣
CX
)
// A // 0
Indeed, since the functor ωgr
∣∣
C0
is monoidal, the same calculations hold.
Next, we show that C (or equivalently ωgr(C)) is equivalent to the represen-
tation theory of Aut⊗(ωgr). For this, we first recall that Aut
⊗(ωgr)0 = H by
the Reconstruction Theorem for affine group schemes. Let X ∈ C; then ωgr(X)
is a Aut⊗(ωgr)–module. Conversely, if E is a Aut
⊗(ωgr)–module, then E0 is a
H–module, and E ∼= Aut⊗
(
ωgr
∣∣
CX
)
×
Aut⊗
(
ωgr|CX
)
aff E0 for X large enough (see
Remark 3.33). Let X ∈ C such that ωgr(X)0 ∼= E0 as H–modules. Since ωgr(X) is
an Aut⊗(ωgr)–module, it follows that ωgr(X) ∼= E.
Moreover, since ωgr(C)0 = ωgr(C)0 ∼= Rep(H) = Rep
(
Aut⊗(ωgr)0
)
, it follows
that
ωgr
(
HomC0(X,Y )
)
= Homωgr(C)0
(
ωgr(X), ωgr(Y )
)
∼=
HomRep(H)(X0, Y0) = Hom
Rep
(
Aut⊗(ωgr)0
)(ωgr(X)0, ωgr(Y )0)
Recall that Homωgr(C)
(
ωgr(X), ωgr(Y )
)
= ωgr
(
HomC(X,Y )
)
∈ HVBgr(A) is a
vector bundle of fiber ωgr
(
HomC0(X,Y )
)
= HomRep(Aut⊗(ωgr)0)
(
ωgr(X)0, ωgr(Y )0
)
.
On the other hand, by construction we have that
Homωgr(C)
(
ωgr(X), ωgr(Y )
)
⊂ HomRep(Aut⊗(ωgr))
(
ωgr(X), ωgr(Y )
)
;
the later being also a vector bundle of fiber HomRep(Aut⊗(ωgr)0)
(
ωgr(X)0, ωgr(Y )0
)
by Lemma 3.35. If follows that these vector bundles coincide. In other words,
ωgr(C) is the category of representations of Aut
⊗(ωgr). 
Remark 5.2. Observe that a posteriori, we conclude that the anti-affine group
scheme Z constructed in the proof of Theorem 5.1 is the anti-affine group associated
to Aut⊗(ωgr).
Indeed, let S = Aut⊗(ωgr) : 1 // H // G
q // A // 0 be the affine torsor
extensions associated to (C, ωgr) and X ∈ C = Rep(S). Since by construction
ZX = ωgr
(
AutC(X)
)
ant
⊂ ωgr
(
AutC(X)
)
, it follows that Z = limX ZX = Gant by
Theorem 2.31.
We finish this section by describing HVBgr(A) as the category or representations
of GA, the universal extension of the Abelian variety A (see Example 3.37).
Example 5.3. The identity functor Id : HVBgr(A) → HVBgr(A) can be though
as a forgetful functor. Therefore, Aut⊗(Id) is an affine torsor extension, such that
Rep
(
Aut⊗(Id)
)
is equivalent as a category with the forgetful functor (in the sense
of Theorem 4.8) with HVBgr(A) with the identity functor.
Since Rep(GA) is also equivalent to HVBgr(A), it follows by the Reconstruction
Theorem 4.8 that GA ∼= Aut
⊗(Id). On the other hand, the construction of Aut⊗(Id)
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shows that GA is the limit of the system of Autgr(E), when we consider the order:
Autgr(E
′) ≥ Autgr(E) if and only if there exists E′′ ∈ HVBgr(A) such that E =
E′ ⊕ E′′. We obtain in this way the description of the universal extension of the
Abelian variety A as the limit of the family of automorphism groups of homogeneous
vector bundles, as in [13].
6. Affine torsor extensions and Hopf sheaves
The well known op–equivalence between the category of affine group schemes
over a field k and the category of Hopf algebras over k has been generalized in [18,
Expose´ I, Section 4.2] to the context of affine group schemes over an scheme S.
In this section we construct a category of sheaves of OA–modules over the Abelian
variety A — the Hopf sheaves — that is op–equivalent to the category of affine
torsor extensions of A. The reader should be aware that the construction that we
present here is not the same as the one of [18, op. cit.], even if (not surprisingly)
it also uses the push-forward of the structure sheaf of the group scheme G by the
projection q : G→ A as a departure point.
Definition 6.1. Let A be an Abelian variety, and F sheaf of OA–modules. Then
F is said to be homogeneous if F ∼= t∗aF = t−a,∗F for any geometric point a ∈ A.
Clearly, OA is homogeneous. Moreover, if F is a locally free finitely generated
sheaf of OA–modules, then F is homogeneous if and only if its associated vector
bundle is so.
We define HShgr (A), the category of homogeneous sheaves over A, as the category
having as objects the homogeneous sheaves over A and as morphisms between two
homogeneous sheaves F ,G the pairs (f, ta), where ta : A→ A is the translation by
a and f : t∗aF → G is a morphism of sheaves of OA–modules. The composition is
defined in the natural manner.
Definition 6.2. (1) Given a scheme S we call SchS the category of schemes over
S and morphisms of schemes over S, and ShS the category of pairs (X,F) where
X is an object in SchS and F a sheaf of OX–modules. The category of sheaves
of OX–modules is denoted as OX-mod. A morphism in ShS is a pair (f, f), where
f : X → Y is a morphism of S–schemes and f : F → f∗G a morphism of OX–
modules. The functor P : ShS → SchS defined as P (X,F) = X and P (f, f) = f is a
fibration and its associated indexed category is P : SchopS → Cat, P(X) = OX-mod,
and for an arrow f : Y → X P(f) = f∗ : OX-mod → OY-mod (see [21] or [5]).
Clearly the above fibration (indexed category) has products as the functor f∗ is a
right adjoint of f∗.
(2) The indexed category P is monoidal in the sense of [41]. Indeed, if X1, X2, Y
are k–schemes equipped with morphisms fi : Xi → Y , Fi, i = 1, 2, are sheaves over
Xi, and X1 ×Y X2 is the fiber product, we define the fibered tensor product of F1
and F2 as the only OX1×YX2–module that has global sections, on open sets of the
form U1 ×U U2, equal to F1(U1) ⊗OY (U) F2(U2), provided that U1, U2, U are open
affine subsets of X1, X2, Y (respectively) such that f(Ui) ⊂ U for i = 1, 2. It is
denoted as F1 ⊗˜OY F2. In this context the functor P is a monoidal fibration and
OX1 ⊗˜OY OX2 = OX1×YX2 .
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(3) Moreover, the fibration is braided in the sense that respects both the natural
braiding (in SchS) sw : X1 ×Y X2 → X2 ×Y X1, and the corresponding extension
to a morphism of sheaves in X2 ×Y X1, sw♯ : F2 ⊗˜OY F1 → sw∗(F1 ⊗˜OY F2).
If Y = Spec(k), we omit the subscript; for example, OX1 ⊗˜OX1 = OX1×X2 .
Remark 6.3. Let S: 1 // H // G
q // A // 0 be an affine extension of A.
Let HS = q∗
(
OG). Since q is an affine morphism, it is clear that HS is a quasi-
coherent homogeneous sheaf of OA–algebras (see [18, Expose´ I, Section 4.2]).
Conversely, given a quasi-coherent homogeneous sheaf of OA–algebras H we
define as in [23, Exercise 5.17] the pair
(
Spec(H), qH
)
, where Spec(H) is a scheme
and qH : Spec(H)→ A a morphism; we call Spec(H) the scheme over A associated
to H. It is clear that we have a commutative diagram as below:
Spec(HS)
∼= //
qHS
$$■
■■
■■
■■
■■
G
q
  
  
  
  
A
Remark 6.4. If f : G→ A is an affine morphism of T -schemes and F ,G are two
sheaves on G, then it is clear from the monoidality of the fibration P : ShT → SchT
(see Definition 6.2) that (f ×T f)∗(F ⊗˜OT G) = f∗F ⊗˜OT f∗G. To verify the above
monoidality condition it is enough to check it locally working in affine open sets of
the form U ×C V for U, V ⊆ A and C ⊆ T open and affine.
Remark 6.5. Let S: 1 // H // G
q // A // 0 be an affine extension of the
Abelian variety A.
(1) From the commutative diagram
1 // H ×H //
m|H×H

G×G
m

q×q // A×A
s

// 0
1 // H // G q
// A // 0
we deduce that the morphism m# : OG → m∗(OG×G) = m∗
(
OG ⊗˜OG
)
(of
sheaves of OG-modules) induces a morphism of sheaves of OA-modules:
q∗(m
#) : q∗(OG) = HS → q∗m∗
(
OG ⊗˜OG
)
= s∗(q × q)∗
(
OG ⊗˜OG
)
=
s∗(HS ⊗˜HS).
(2) The diagonal morphisms δA : A → A × A and δG : G → G ×G verify the
following commutative diagram
G
q

δG // G×G
q×q

A
δA
// A×A,
that come with morphisms of sheaves δ♯G : OG ⊗˜OG → δG∗OG, and δ
♯
A :
OA ⊗˜OA → δA∗OA.
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Definition 6.6. In the context above we define:
(1) The comultiplication morphism : ∆HS := q∗(m
#) : HS → s∗(HS ⊗˜HS);
(2) If i : G → G is the inversion morphism of G, i# : OG → i∗OG, define the
antipode morphism σHS := q∗(i
#) : HS → q∗i∗OG = op∗ q∗OG = op∗HS , where
op is the inversion map of the structure of the abelian variety A.
(3) The morphisms 1 : Spec(k) → G and 0 : Spec(k) → A induce (compatible)
morphisms εG : OG → 1∗(OSpec(k)) and the counit morphism εHS = q∗(εG) :
HS → q∗1∗(OSpec(k)) = 0∗(OSpec(k)).
(4) The diagonal morphism δG : G→ G×G induces the map µHS := (q∗ ⊗˜ q∗)(δ
♯
G) :
HS ⊗˜HS → (q∗ ⊗˜ q∗)δG∗OG =
(
(q × q)δG
)
∗
OG = δA∗HS .
Remark 6.7. All in all we have the following morphisms in OA–mod.
(1) ∆HS : HS → s∗(HS ⊗˜HS), s : A×A→ A the addition map;
(2) σHS : HS → op∗HS , op : A→ A the inversion map;
(3) εHS : HS → 0∗(OSpec(k)), where 0 : Spec(k)→ A is the neutral element of
A.
(4) µHS : HS ⊗˜HS → δA∗HS , where δA : A→ A×A is the diagonal morphism.
Remark 6.8. The commutative diagrams of morphisms of k-schemes satisfied by
m, i, s, op, δG, δA, 1 and 0, induce accordingly commutative diagrams of morphisms
of sheaves of OA-modules:
(6.1) HS
∆HS //
∆HS

s∗
(
HS ⊗˜HS
)
s∗(id ⊗˜∆HS )

s∗
(
HS ⊗˜HS
) s∗(∆HS ⊗˜ id) // s∗(s× id)∗
(
HS ⊗˜HS ⊗˜HS
)
=
s∗(id×s)∗
(
HS ⊗˜HS ⊗˜HS
)
(6.2)
HS
=
))❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
❙❙❙
=
uu❧❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧❧❧
❧
∆HS

s∗(HS ⊗˜ 0∗OSpec(k))=
s∗(id×0)∗(HS ⊗˜OSpec k) = HS
s∗(0∗OSpec(k) ⊗˜HS)=
s∗(0× id)∗(OSpec k ⊗˜HS) = HS
s∗
(
HS ⊗˜HS
) s∗(εHS ⊗˜ id)
66❧❧❧❧❧❧❧❧❧❧❧❧s∗(id ⊗˜ εHS )
hh❘❘❘❘❘❘❘❘❘❘❘❘
For the above equality s∗(HS ⊗˜ 0∗OSpec(k)) = s∗(id×0)∗(HS ⊗˜OSpec k), we op-
erate in the same manner than for the proof of Remark 6.4, but taking into account
that the sheaf HS ⊗˜ 0∗OSpec(k) is over A × A and that the sheaf HS ⊗˜OSpeck is
over A × Spec(k). The second equality comes as a consequence of the fact that
s∗(id×0)∗ = (s(id×0))∗ = idA when we identify A×Spec(k) with A, in which case
the corresponding sheaf is simply HS . We proceed similarly for the other vertex.
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In order to present the commutative diagram induced by the properties of the
inverse morphism, first we introduce some notations. Call dG := m(id× i) : G ×
G→ G and dA := s(id× op) : A×A→ A. We have that dAδA = 0A, the constant
morphism that maps to zero. The morphism 0A induces, for any sheaf F on A,
a morphism of sheaves that we call 0♯A : F → 0A∗F . The subscripts A and G
associated to the maps will be frequently omitted. It is clear that in terms of this
notations dAδA = 0A, or briefly dδ = 0.
(6.3)
HS
∆H

0♯
**❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚❚❚
❚
∆HS // s∗(HS ⊗˜HS)
s∗(id ⊗˜σHS ) // (s(id× op))∗(HS ⊗˜HS)
(s(id× op))∗(µHS )

s∗(HS ⊗˜HS)
s∗(σHS ⊗˜ id)

(s(op× id))∗(HS ⊗˜HS)
(s(op× id))∗(µHS ) //
(s(id× op))∗δ∗(HS) = (dδ)∗HS
If we specialize to the stalk over 0 ∈ A, then (HS)0 = k[H ], and the commutative
diagrams above become those of the structure of k[H ] as a Hopf algebra.
Remarks 6.9. (1) Recall that if S is an affine extension, then the morphism
ϕ = (m|H×G, id) : H × G → G ×A G, ϕ(h, g) = (hg, g) is an isomorphism (see
Remark 2.7). In particular, we have the following commutative diagrams:
Spec(k)×A ∼= A
δA // A×A A ∼= A
H ×G
ϕ //
m|H×G

1×q
44❥❥❥❥❥
G×A G
p1

q×q
55❦❦❦❦
A A
G
q

q
44❤❤❤❤❤❤❤❤❤❤❤ G
q

q
44❥❥❥❥❥❥❥❥❥❥
A A
A
❤❤❤❤❤❤❤❤❤❤❤
❤❤❤❤❤❤❤❤❤❤❤ A
❥❥❥❥❥❥❥❥❥❥
❥❥❥❥❥❥❥❥❥❥
Spec(k)×A ∼= A
δA // A×A A ∼= A
H ×G
ϕ //
p2

1×q
44❥❥❥❥❥
G×A G
p2

q×q
55❦❦❦❦
A A
G
q

q
44❤❤❤❤❤❤❤❤❤❤❤ G
q

q
44❥❥❥❥❥❥❥❥❥❥
A A
A
❤❤❤❤❤❤❤❤❤❤❤
❤❤❤❤❤❤❤❤❤❤❤ A
❥❥❥❥❥❥❥❥❥❥
❥❥❥❥❥❥❥❥❥❥
Therefore, ϕ induces an isomorphism ϕ# : OG ⊗˜OA OG → ϕ∗(OH ⊗˜OG).
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Applying the functor (q × q)∗ we obtain the isomorphism of OA×AA–algebras
(q × q)∗ϕ# : HS ⊗˜OA HS = (q × q)∗(OG ⊗˜OA OG)→ (q × q)∗ϕ∗(OH ⊗˜OG) = ψ∗(OH ⊗˜OG)
where ψ(h, g) = (q×q)◦ϕ = (q×q)◦(m|H×G, id)(h, g) =
(
q(hg), q(g) =
(
q(g), q(g)
)
.
On the other hand, observe that the diagonal morphism δA : A → A × A induces
an isomorphism (that we also call δA) δA : A → A ×A A. Thus, we obtain an
isomorphism of OA–algebras
δ∗A(q × q)∗ϕ
# : δ∗A(HS ⊗˜
OA
HS)→ δ
∗
Aψ∗(OH ⊗˜OG) = (q ◦ p2)∗(OH ⊗˜OG),
where the last equality follows from the equality δA ◦ ψ = q ◦ p2 : H ×G→ A.
It is easy to show that if U ⊂ A is an affine open subset, then δ∗A(HS ⊗˜OA HS)(U) =
HS(U) ⊗OA(U) HS(U) and (q ◦ p2)∗(OH ⊗˜OG)(U) = k[H ] ⊗k HS(U). All in all,
the isomorphism ϕ induces an isomorphism of OA–algebras Γ : HS ⊗OA HS →
k[H ]⊗k HS .
On other hand, the morphism m|H×G : H × G → G induces an injective mor-
phism of OG–modules m|
#
H×G = (i× id)
# ◦m# =
(
(i× id)◦m
)#
: OG → OH ⊗˜OG,
where i : H → G is the inclusion. Applying the functor q∗ we obtain the injective
morphism of OA–modules q∗(i, id
#)m# : HS → k[H ]⊗HS .
Thus, we deduce from the commutative diagrams satisfied by ϕ that Γ satisfies
the following commutative diagrams of morphism of OA–modules.
(6.4)
HS ⊗OA HS
Γ // (HS)0 ⊗HS HS ⊗OA HS
Γ // (HS)0 ⊗HS
HS
q∗(i,id)
#m#
77♥♥♥♥♥♥♥♥♥♥♥♥♥
id⊗1
OO
HS
1⊗id
77♥♥♥♥♥♥♥♥♥♥♥♥♥
1⊗id
OO
(2) If G is an affine torsor extension (i.e. q : G → A is an H–torsor), then q
is faithfully flat — q being an affine morphism, we already know that q is quasi-
compact —; in other words, HS is a flat sheaf of OA–modules.
(3) Remember that given any morphism V → A and any Zariski open set U ⊂ A,
then V ×A U → V is an open embedding. In particular, the affine torsor extension
S is exact if and only if given an affine scheme S = Spec(B) and a T –point a :
T → A ∈ A(T ), then there exist an affine scheme T ′ = Spec(B′), faithfully flat
of finite presentation over T , and a T ′–point g : T ′ → G ∈ G(T ′) such that
q(T ′)(g) = a|T ′ ∈ A(T ′), where a|T ′ is the composition T ′ // T
a // A . In
other words, for any affine open subset U ⊂ A and any morphism OA(U) → B,
there exits a faithfully flat finitely presented extension B ⊂ B′ and a morphism
ψ : HS(U) = OG
(
q−1(U)
)
→ B′ such that the following diagram is commutative
(6.5) OA(U)
φ //
 _

B _

HS(U)
ψ
// B′
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The affine torsor extension S is locally isotrivial if and only if there exists a cover
of A by affine open subset Uα and Galois coverings ϕα : U
′
α → Uα = U
′
α/Kα that
induce e´tale trivializations
fα : H × U
′
α
∼= q−1(Uα)×Uα U
′
α → (H × U
′
α)/Kα
∼= q−1(Uα).
In other words, we have the following exact diagram of morphisms of OA(Uα)–
modules
(6.6) OA(Uα) ∼= (ϕα)∗
(
OU ′α(U
′
α)
Kα
)   ϕ#α //
q#

(ϕα)∗
(
OU ′α(U
′
α)
)
p#2

HS(Uα) ∼=
q∗(fα)∗
((
OH(H)⊗OU′α(U
′
α)
)Kα)
f#α
//
(ϕα)∗(p2)∗
(
OH(H)⊗OU′α(U
′
α)
)
∼=
q∗(fα)∗
(
OH(H)⊗OU′α(U
′
α)
)
the horizontal morphism f#α being e´tale morphisms (of OA(Uα)–algebras).
Definition 6.10. Let A be an Abelian variety andH a quasi-coherent sheaf of OA–
commutative algebras such that there exist morphisms of sheaves of OA–algebras
∆H : H → s∗
(
H⊗˜H
)
, εH : H → 0∗O{0} and σH : H → o∗H such that the
commutative diagrams (6.1) – (6.3) are satisfied. Then H is said to be a Hopf
sheaf.
If moreover H is a flat sheaf of OA–modules, we say that H is a Hopf torsor
sheaf.
If in addition, for every affine subset SpecB ⊂ U there exist a faithfully flat,
finitely presented extension B ⊂ B′ and a morphism ψ : H(U) → B′ such that
Diagram (6.5) commutes, we say that H is an exact Hopf torsor sheaf.
Finally, if there exists a cover of A by affine open subsets Uα with Galois coverings
ϕα : U
′
α → Uα
∼= U ′α/Kα and morphisms of OA(Uα)–modules fα : H(U) → H0 ⊗
OU ′α(U
′
α) satisfying condition (6.6) (with the obvious substitutions), we say that H
is an e´tale Hopf torsor sheaf.
A morphism of Hopf sheaves is a morphism of sheaves F : H → H′, where H,H′
are Hopf sheaves over the Abelian variety A, such that
H
F //
∆H

H′
∆H′

H⊗˜H
F⊗F
// H′ ⊗˜H′
Example 6.11. Let H be an affine group scheme, and consider the corresponding
affine torsor extension 1 // H
id // H // 0 // 0 . Then H is the Hopf algebra
k[H ] seen as a sheaf over 0 = Spec(k).
Conversely, given a Hopf algebra R, then R can be seen as a Hopf sheaf over 0 =
Spec(k), and the affine group scheme Spec(R) induces the affine torsor extension
1 // Spec(R)
id // Spec(R) // 0 // 0 .
Let A be an Abelian variety and H a Hopf sheaf. Since H is a sheaf of quasi-
coherent OA–algebras, we can construct the fibration q : Spec(H) → A as in [23,
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Exercise 5.17]. Theorem 6.12 below shows that q fits in an affine extension of A,
thus generalizing Example 6.11.
Theorem 6.12. Let A be an Abelian variety and H a Hopf sheaf. Then G =
Spec(H) is a group scheme. Moreover, H0, the stalk of H over 0 ∈ A, is a Hopf
algebra; let H = Spec(H0). Then
(6.7) SH : 1 // H
j // G
q // A // 0
is an exact sequence, with q : G → A a surjective morphism — here j : H → G
is the closed immersion associated to a local trivialization of H around 0 ∈ A.
Moreover the extension (6.7) is an affine torsor extension (resp. exact affine torsor
extension, resp. a locally isotrivial affine torsor extension) if and only if H is a Hopf
torsor sheaf (resp. an exact Hopf torsor sheaf, resp. an e´tale Hopf torsor sheaf).
Moreover, the categories of affine extensions (resp. affine torsor extensions,
resp. exact affine torsor extensions, resp. affine locally isotrivial extensions) and of
Hopf sheaves (resp. Hopf torsor sheaves, resp. exact Hopf torsor sheaves, resp. e´tale
Hopf sheaves) are equivalent.
Proof. Since the commutative diagrams verified by H specialize to those of a Hopf
algebra at 0, it follows that H is an affine group scheme. Let q : Spec(H) → A be
the canonical projection. By construction, q is an affine, surjective, quasi-compact
morphism.
Let U ⊂ A be an affine open subset, V = s−1(U) ⊂ A × A and {Vα} and
affine cover of V . Since q × q = (q × 1A) ◦ (1A × q) is affine, then {Spec(Cα) =
Wα = (q× q)−1(Vα)} is an affine cover of (q× q)−1(V ) ⊂ G×G and the morphism
∆H : H(U) → s∗
(
H⊗˜H
)
(U) = H⊗˜H(V ), together with the restriction maps
H⊗˜H(V )→ H⊗˜H(Wα) = OG×G(Wα) = Cα induce morphisms between the open
subsets mαU : Wα → Spec
(
H(U)
)
⊂ G. Gluing the morphisms mαU , we obtain a
morphism mU : (q × q)−1(V ) → Spec
(
H(U)
)
and gluing the morphisms mU we
obtain a morphism m : G × G → G. We deduce from the commutative diagrams
(6.1), (6.2) and (6.3) thatm is an associative product, with neutral element induced
by the morphism εH : H → 0∗O{0}, and the inverse induced by σH : H → op∗H.
By construction, we have that s∗
(
H⊗˜H
)
= q∗m∗(OG ⊗˜OG). It follows that
q : G → A is a morphism of group schemes. Moreover, the canonical morphism
H = Spec(H0) → Spec(H) is a closed immersion of group schemes, with image
q−1(0). On the other hand, if U ⊂ A is an affine open subset, then q
∣∣
q−1(U)
:
q−1(U) → U is given by the canonical inclusion OA(U) →֒ H(U). Condition (6.5)
guarantees then that q is surjective in the fppf topology.
Assume now thatH is a Hopf torsor sheaf. Then clearly the morphism q : G→ A
is faithfully flat.
Finally, it is clear that condition (6.6) is equivalent to the local isotriviality of
q : G→ A.
By the very definition, morphisms of exact sequences correspond to morphisms
of Hopf sheaves, and therefore the categories of exact sequences (resp. affine torsor
extensions, resp. locally isotrivial affine extensions) and of Hopf sheaves (resp. Hopf
torsor sheaves, resp. e´tale Hopf torsor sheaves) are equivalent. 
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Corollary 6.13. Let H be a Hopf sheaf. Then H is homogeneous, and there exists
an isomorphism of OA–algebras Γ : H⊗OAH → H0⊗H satisfying the commutative
diagrams (6.4).
Proof. This easily follows form the fact that SH is an affine extension. 
Remarks 6.14. (1) An affine torsor extension S : 1 // H // G
q // A // 0
is of finite type if and only if its associated Hopf sheaf H has finitely generated
k–algebras as stalks. Moreover, since q : G→ A is of finite presentation if and only
if H is of finite type (as follows from the descent theory, see [10, Proposition 2.6.5]
and [22, IV.2.7.1]), it follows that G if of finite type if and only if H(U) is a finitely
generated OA(U)–algebra for any affine open subset U ⊂ A.
(2) Observe that if G = Spec(H) is of finite type, then G is an anti-affine algebraic
group if and only if H(A) = k.
Remark 6.15. Let H be a Hopf sheaf over A and I ⊂ H a subsheaf. Then there
is a canonical injective morphism of sheaves of OA–modules inc : I ⊗˜H+H⊗˜ I →֒
H ⊗˜H, induced by the canonical inclusions I(U)⊗H(V )+H(U)⊗I(V ) ⊂ H(U)⊗
H(V ) for any pair of affine open subset U, V ⊂ A.
Definition 6.16. Let H be a Hopf sheaf over A. A sheaf of Hopf ideals is a
quasi-coherent subsheaf I ⊂ H, such that
(i) I(U) ⊂ H(U) is an OA(U)–ideal,
(ii) The restriction ∆H
∣∣
I
: I → s∗(H⊗˜H) has image contained in s∗(I ⊗˜H +
H⊗˜ I). In other words, for any affine open subset U ⊂ A, the restriction ∆H(U)
∣∣
I(U)
:
I(U)→ s∗(H ⊗˜H)(U) has image contained in s∗(I ⊗˜H+H⊗˜I)(U).
(iii) I ⊂ Ker(εH).
(iv) The restriction σH
∣∣
I
: I → o∗(H) has image contained in op∗(I).
Remark 6.17. By construction, if follows that if H is a Hopf sheaf and I ⊂ H
is a sheaf of Hopf ideals, then the quotient sheaf H/I is a Hopf sheaf. Indeed,
from condition (ii) we deduce that ∆H induces a morphism of sheaves ∆H/I :
H/I → s∗
(
H
)
/s∗
(
I
)
= s∗
(
H/I
)
. On the other hand, condition (iii) implies that
εH induces a morphism of sheaves εH/I : H/I → 0∗(O{0}). Finally, σH induces a
morphism H/I → op∗(H)/ op∗(I) = op∗(H/I).
Proposition 6.18. Let S : 1 // H // G
q // A // 0 be an affine extension
and let H = q∗
(
OG
)
be the Hopf sheaf associated to S. Then the closed sub-
extensions of S are in bijection with the Hopf ideals of H.
Proof. Let T : 1 // H ′ // G′
q // A // 0 be a closed sub-extension of S
and consider IG′ ⊂ OG, the subsheaf of ideals associated to G′. Clearly q∗(I) ⊂ H
is a subsheaf of ideals. On the other hand, we have a commutative diagram of
sheaves of OG–modules
OG
m# //

m∗
(
OG×G
)
= m∗
(
OG ⊗˜OG
)

inc∗
(
OG′
)
inc∗m
#
G′
// inc∗
(
(mG′)∗
(
OG′×G′
))
= inc∗
(
(mG′)∗
(
OG′ ⊗˜OG′
))
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where the vertical arrows are the canonical projections induced by the inclusions
G′ →֒ G and G′ × G′ →֒ G′ × G′. Since IG′×G′ = IG′ ⊗˜OG + OG ⊗˜ IG′ , it
follows that OG′ ⊗˜OG′ = (OG ⊗˜OG)/
(
IG′ ⊗˜OG + OG ⊗˜ IG′
)
. Hence, m∗(IG′) ⊂
IG′ ⊗˜OG +OG ⊗˜ IG′ .
Analogously, since i(G′) ⊂ G′, we deduce that σG(IG′) ⊂ IG′ and that IG′ ⊂
Ker(εG). From the factorial properties of q∗, it follows that q∗(IG′) is a sheaf of
Hopf ideals.
Conversely, given a sheaf of Hopf ideals I ⊂ H, let
T : 1 // Spec
(
H/I
)
0
// Spec
(
H/I
)
// A // 0
be the affine extension associated to the Hopf sheaf H/I. If U ⊂ A is an affine open
subset, then the canonical projectionH(U)→ (H/I)(U) induces a closed immersion
Spec
(
(H/I)(U)
)
→ Spec
(
H(U)
)
. Therefore, T is a closed sub-extension of S. 
7. The category Rep(S) as a category of sheaves
7.1. Sheaf representations of an affine torsor extension.
We begin by recalling the definition of a G–linearized sheaf (see [29, page 30]
and [45, Tag 03LE]).
Definition 7.1. Let G be a group scheme, X a G–scheme and F a quasi-coherent
sheaf of OX -modules; denote the G–action of G on X by ϕ. A G–linearization of
F is an isomorphism of sheaves of OG×X–modules φ : ϕ
∗(F) → p∗2(F), satisfying
the cocycle condition of sheaves over G×X
[
ϕ ◦ (IdG×ϕ)
]∗
F
(IdG×ϕ)
∗φ //
[
p2 ◦ (IdG×ϕ)
]∗
F = (ϕ ◦ p23)∗F
p∗23φ
[
ϕ ◦ (m× IdX)
]∗
F
(m×IdX)
∗φ
//
[
p2 ◦ (m× IdX)
]∗
F = (p2 ◦ p23)∗F
Given two G–linearized sheaves F ,F ′, a morphism of G–linearized sheaves is a
morphism of sheaves f : F → F ′ such that the following diagram is commutative
ϕ∗(F)
φF //
ϕ∗(f)

p∗2(F)
p∗2(f)

ϕ∗(F ′)
φF′
// p∗2(F)
Remark 7.2. If moreoverF is a locally free sheaf of finite rank, it is straightforward
to see that a G–linearization induces an action of G on E = Spec(F), the vector
bundle associated to F .
Lemma 7.3. Let S: 1 // H // G
q // A // 0 be an affine extension and F a
G–linearized sheaf of OA–modules, for the action ϕ : G×A→ A, ϕ(g, a) = q(g)+a.
Then F is homogeneous.
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Proof. Let a ∈ A be a geometric point. Then there exists a geometric point g ∈ G
such that q(g) = a. Since ϕ∗(F) ∼= p∗2(F), the assertion follows from the diagram
below.
A
ta

A //
id ..
ta
00
{g} ×A 
 // G×A
p2
88qqqqqqq
ϕ &&▼▼
▼▼
▼▼▼
A

Let S: 1 // H // G
q // A // 0 be an affine extension, F a G–linearized
sheaf of OA–modules and a ∈ A a geometric point. Since t∗a(F) ∼= F , then t
∗
a(F)
is a G–linearized sheaf. On the other hand, it is well known that if X,Y are G–
schemes and f : X → Y a G–equivariant morphism, then the pullback functor
f∗, (F , α) 7→
(
f∗F , (1G× f)∗α
)
restricts to a functor between the categories of G–
linearized quasi-coherent flat sheaves of OX–modules and OY –modules respectively
(see for example [45, Tag 03LE]). It follows that if g ∈ Z(G) a central geometric
point and a = q(g) ∈ A, then ϕg : A → A, ϕg(b) = q(g) + b induces a G–
linearization on ϕ∗g(F) = t
∗
a(F). Clearly, the two G–linearizations we have just
constructed coincide.
The following lemma is an easy consequence of this fact; we include a proof for
the sake of completeness, since we could not find in the literature a complete proof
of the mentioned result (see also Corollary 7.14 and Remark 7.15 below).
Lemma 7.4. Let S : 1 // H // G
q // A // 0 be an affine torsor extension
and F a S–sheaf representation. Let φ : ϕ∗(F) → p∗2(F) be the associated G–
linearization. Let z ∈ Z(G) be a central geometric point and a = q(g) ∈ A. Then
(idG×ta)∗φ : ϕ∗
(
t∗a(F)
)
→ p∗2
(
t∗a(F)
)
is a G–linearization, isomorphic to F as
G–linearized sheaves.
Proof. First, observe that (idG×ta)∗φ : (idG×ta)∗ϕ∗(F) → (idG×ta)∗p∗2(F) is
a morphism of sheaves of OG×A–modules. Let ϕz : A → A be the isomorphism
induced by the restriction ϕ
∣∣
{z}×A
: {z} ×A→ A. Then ϕz = ta, and
ϕ ◦ (idG×ta) = ϕ ◦ (idG, ϕz) = ϕ(mz, idA) = ϕz ◦ ϕ = ta ◦ ϕ,
where mz = ℓz = rz : G → G, mz(g) = zg = gz, is the multiplication by the
central element z. In particular, (idG×ta)∗ϕ∗(F) = ϕ∗
(
t∗a(F)
)
. On the other
hand, since p2 ◦ (idG×ta) = ta ◦ p2, we have that (idG×ta)∗p∗2(F) = p
∗
2
(
t∗a(F)
)
. It
follows that (idG×ta)∗φ : ϕ∗
(
t∗a(F)
)
→ p∗2
(
t∗a(F)
)
. We affirm that (idG×ta)∗φ is
a G–linearization. Indeed, form the cocycle condition for φ we deduce that
(7.1)
(idG×ta)
∗
[
ϕ ◦ (IdG×ϕ)
]∗
F
(idG ×ta)
∗(IdG ×ϕ)
∗φ // (idG×ta)∗(ϕ ◦ p23)∗F
(idG×ta)
∗p∗23φ

(idG×ta)∗
[
ϕ ◦ (m× IdX)
]∗
F
(idG×ta)
∗(m×IdX)
∗φ
// (idG×ta)∗(p2 ◦ p23)∗F
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Now, it is easy to see that
[ϕ◦(IdG ×ϕ)]◦(idG ×ta) = ta◦[ϕ◦(IdG ×ϕ)] (ϕ◦p23)(idG×ta) = ta◦(ϕ◦p23),
[ϕ◦(m×IdX)]◦(idG ×ta) = ta◦[ϕ◦(m×IdX )], (p2◦p23)◦(idG×ta) = ta◦(p2◦p23),
(IdG ×ϕ)◦(idG ×ta) = (idG ×ta)◦(IdG ×ϕ), p23◦(idG×ta) = (idG×ta)◦p23,
(m×IdX)◦(idG ×ta) = (idG ×ta)◦(m×IdX).
It follows from the diagram (7.1) that (idG×ta)∗φ satisfies the cocycle condition.
Finally, the restriction morphism (see [29, § 1.3]) φz : ϕ∗zF → F is an isomorphism
between t∗aF and F . The cocycle condition for φ implies that for any g ∈ G,
φgϕ
∗
g(φz) = φzg = φgz = φzϕ
∗
z(φg) : ϕ
∗
gz(F)→ p
∗
2(F);
in other words, φZ is an isomorphism of G–linearized sheaves. 
Definition 7.5. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion of the Abelian variety A. A sheaf representation of S is a quasi-coherent, flat,
homogeneous, sheaf of OA–modules F (see Definition 6.1 above), together with a
G–linearization, where we consider the canonical action of G on A, ϕ = s◦ (q× id) :
G×A→ A.
Given two sheaf representations F ,F ′, a morphism of S–sheaf representations is
a morphism (f, ta) of homogeneous sheaves of OA–modules. such that
ϕ∗
(
t∗a(F)
) φF //
ϕ∗(f)

p∗2
(
t∗a(F)
)
ϕ∗(f)

ϕ∗(F ′)
φF ′
// p∗2(F
′)
We denote by ShRepgr (S) the category of sheaf representations of S; the full sub-
category of coherent, S–representations is denoted by ShRepgr ,fin(S) ⊂ ShRep(S).
The subcategory of sheaf representations with morphisms the pairs (f, t0) is denoted
by ShRep0 (S) ⊂ ShRepgr (S); analogously, we define ShRep0 ,fin(S) ⊂ ShRep0 (S)
as the full subcategory of coherent sheaf representations of S with morphisms the
pairs (f, t0).
Remark 7.6. Since a sheaf F of A–modules is coherent and flat if and only if F
is locally free, of finite rank, it follows that ShRepfin(S) is the category of locally
free, finite rank, S–linearized sheaves.
Definition 7.7. A S–sheaf representation F is rational if there exists a directed
system of coherent subrepresentations Fα ⊂ Fβ, of finite rank nα, such that F is
the directed union of the subsheaves Fα; that is, F = lim−→α
Fα.
We denote by RatShRepgr(S) the category of rational sheaf representations, and
by RatShRep0 (S) ⊂ RatShRepgr(S) the subcategory with the same objects and
morphisms the pairs (f, t0).
Theorem 7.8. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion. Then the categories Rep(S) and ShRepfin(S) are (contra-variantly) equivalent.
Under this equivalence , Rep0(S)
∼= ShRep0 ,fin(S)
Proof. As in [29], the contra-variant correspondence between locally free shaves of
finite rank and vector bundles restrains to a equivalence Rep(S) and ShRepfin(S).
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Indeed, we only need to check the equivalence at the level of morphisms (since we
are working with subcategories of Sh(A) and HVBgr(A)), and it is clear that if
F ,F ′ are two coherent, locally free, S–sheaf representations, then a morphism of
sheaf representations (f, ta) : F → F ′ induce a morphism of S–modules between
the corresponding vector bundles EF ′ and EF — and conversely. 
Lemma 7.9. Let S: 1 // H // G
q // A // 0 be a pro-algebraic affine tor-
sor extension and let F , F ′ be sheaf representations of S. Then a pair (f, ta) ∈
HomHShgr (A)(F ,F
′) is a morphism of S–sheaf representations if and only if f :
t∗aF → F
′ is a morphism of G–linearized sheaves.
Proof. By Theorem 2.43, S admits a Rosenlicht decomposition and therefore we
are in the hypothesis of Lemma 7.4. 
7.2. The category of comodules of a Hopf torsor sheaf.
If G is an affine group scheme, it is well known that Rep(G)op ∼= k[G]M, the
category of k[G]–comodules. Under the light of Theorem 6.12, given an affine
torsor extension S : 1 // H // G
q // A // 0 we want to interpret Rep(S)
as a category of comodules of HS = q∗
(
OG
)
.
Definition 7.10. Let H be a sheaf of Hopf algebras over A. An H–comodule is a
flat, quasi-coherent, sheaf of OA–modules F , together with a morphism of sheaves
of OA–modules χF : F → s∗
(
H⊗˜F
)
, satisfying the following cocycle condition
(with obvious notations)
F
χ //
χ

s∗
(
H⊗˜F
)
s∗(∆H ⊗˜χ)

s∗
(
H⊗˜F
)
s∗(IdH ⊗˜χ)
// s∗(id×s)∗
(
H⊗˜H ⊗˜F
)
= s∗(s× id)∗
(
H⊗˜H⊗˜F
)
If moreover F is a homogeneous sheaf, we say that F is a homogeneous H–
comodule.
Given two H–comodules F ,F ′, a morphism of H–comodules is a morphism of
sheaves f : F → F ′, such that the following diagram is commutative
F
f //
χF

F ′
χF′

s∗(H⊗˜F)
s∗(id ⊗˜ f)
// s∗(H⊗˜F ′)
By analogy to the S–sheaf representations case, if H is the Hopf torsor sheaf
associated of S and F is a sheaf of H–comodules, we say that F is rational if there
exists a directed system of subcomodules Fα ⊂ Fβ of finite rank nα, such that
F = lim
−→α
Fα.
We denote by HM the category of H–comodules and their morphisms, and by(
HM
)
fin
the full subcategory of coherent H–comodules.
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Remark 7.11. As in the affine case, we give the definition of rationalH–comodule
only for notational reasons, since we will prove in Theorem 7.19 that any H–
comodule is rational.
As expected, to give an S–action corresponds to give a structure of H-comodule.
Proposition 7.12. Let S : 1 // H // G
q // A // 0 be an affine torsor ex-
tension, HS the associated Hopf torsor sheaf, and F a quasi-coherent, flat, homo-
geneous sheaf of OA–algebras. Denote π : F = Spec
(
F
)
→ A the corresponding
flat morphism. Then the following are equivalent:
(1) F is an HS–comodule.
(2) There exists a G–action ϕ : G× F → F , such that
G× F
ϕ //
q×π

F

A×A
s
// A
is a commutative diagram.
(3) F is a sheaf representation of S; that is, F is a G–linearized sheaf.
Proof. (1) =⇒ (2). It is clear that the sheaf coaction χF : F → s∗
(
F ⊗˜HS
)
induces a commutative diagram
G× F
ϕ //
q×π

F

A×A s
// A
The compatibility conditions of the coaction χF imply that ϕ is an action.
(2) =⇒ (1). The action ϕ : G × F → F induces a morphism ϕ# : OF →
ϕ∗
(
OG×F
)
∼= ϕ∗
(
OG ⊗˜OF
)
. From the compatibility conditions of the action ϕ, it
follows that
q∗ϕ
# : F = q∗(OF )→ q∗
(
ϕ∗
(
OG ⊗˜OF
))
= s∗(q × q)∗
(
OG ⊗˜OF
)
= s∗(HS ⊗˜F)
is a (right) coaction.
(2) ⇐⇒ (3). We follow the approach of [29, § 1.3]. Let F1 = (G×A)×A,ϕ F and
F2 = (G×A)×A,p2 F be the fibered products via ϕ : G×A→ A, ϕ(g, a) = q(g)+a,
and p2 : G×A→ A respectively:
F1 = (G×A)×A,ϕ F
π2 //
π1

F
π

F2 = (G×A)×A,p2 F
π′2 //
π′1

F
π

G×A
ϕ
// A G×A
p2
// A
It follows that (π1)∗
(
OF1
)
= ϕ∗(F ) and (π′1)∗
(
OF2) = p
∗
2F .
Since (G × A) ×A,p2 F ∼= G × F , it follows that to give an isomorphism of
sheaves of OG×A–algebras φ : ϕ∗(F)→ p∗2(F) is equivalent to give an isomorphism
φ˜ : F1 → F2; that is, to an action ϕ. 
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Corollary 7.13. Let S : 1 // H // G
q // A // 0 be an affine torsor ex-
tension, HS the associated Hopf torsor sheaf, and F an HS–comodule. Then F is
homogeneous. 
Corollary 7.14. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion, HS the associated Hopf torsor sheaf, and F ,F
′ quasi-coherent, flat, homoge-
neous G–linearized sheaves of OA–algebras. Denote by π : F = Spec
(
F
)
→ A and
π′ : F ′ = Spec
(
F ′
)
→ A the corresponding flat morphisms (constructed as in [23,
Exercise 5.17]). A morphism of A–schemes f : F → F ′ is G–equivariant if and
only π′∗f
# : F ′ → F is a morphism of HS–comodules.
Proof. The commutative diagram
A×A
s
✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽✽
✽ G× F
q×πoo id×f //
ϕ

G× F ′
ϕ′

q×π′ // A×A
s
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
✝✝
F
π

f // F ′
π′

A A
where the vertical arrow are the corresponding G–actions, induces a commutative
diagram of morphism of OA –modules
π′∗
(
f∗ϕ∗OG×F
)
= s∗
(
HS ⊗˜ F
)
s∗
(
HS ⊗˜F ′
)
= π′∗ϕ
′
∗
(
OG×F ′
)π′∗(id×f)#oo
π′∗
(
f∗OF
)
= π∗(OF ) = F
π∗ϕ
#
OO
F ′ = π′∗
(
OF
)
π′∗f
#
oo
π′∗(ϕ
′)#
OO

Remarks 7.15. (1) Let S : 1 // H // G
q // A // 0 be an affine torsor ex-
tension, F anHS–comodule and a ∈ A a geometric point. Then, since F is homoge-
neous (see Lemma 7.4 and Corollary 7.13), it follows that t∗a(F) is anHS–comodule.
The morphism χt∗a(F) : t
∗
aF → s∗
(
HS ⊗˜ t∗a(F)
)
is given as follows. Let U ⊂ A be an
open subset. Then (1, a)+s−1(U) ⊂ s−1(a+U); consider the restriction morphism
rs−1(a+U),(1,a)+s−1(U) : HS ⊗˜F
(
s−1(a+ U)
)
→ HS ⊗˜ F
(
(1, a) + s−1(U)
)
. Then
χt∗a(F)(U) = rs−1(a+U),(1,a)+s−1(U) ◦ χF (a+ U) : F(a+ U) = t
∗
a(F)(U)→
s∗
(
HS ⊗˜ t
∗
a(F)
)
(U) = (Id×ta)∗(HS ⊗˜ F)
(
s−1(U)
)
= (HS ⊗˜F)
(
(1, a) + s−1(U)
)
.
Analogously, (ta)∗(F) is an HS–comodule, with co-action
χ(ta)∗(F)(U) = rs−1(−a+U),(1,−a)+s−1(U) ◦ χF (−a+ U) : F(−a + U) = (ta)∗(F)(U)→
s∗
(
HS ⊗˜(ta)∗(F)
)
(U) = (Id×ta)∗(HS ⊗˜F)
(
s−1(U)
)
= (HS ⊗˜ F)
(
(1,−a) + s−1(U)
)
.
(2) Let g ∈ Z(G) a central geometric point and let a = q(g) ∈ A. Let π : F =
Spec
(
F
)
→ A the corresponding S–scheme, with G–action ϕ : G× F → F . Then
ϕg : F → F , ϕg(x) = ϕ(g, x) is a G–equivariant isomorphism, and therefore induces
isomorphisms of HS–comodules π∗ϕ∗g : π∗t
∗
a(OF ) = t
∗
a(F) → F and g
# : F →
π∗(ϕg)∗(OF ) = (ta)∗(F). Hence, the corresponding G–schemes are isomorphic.
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(3) Observe that under the correspondence of Proposition 7.12, the structure of
HS–comodule of t∗a(F) and the isomorphism of HS–comodules t
∗
a(F)
∼= // F cor-
respond to the G linearization (idG×ta)∗φ : ϕ∗
(
t∗a(F)
)
→ p∗2
(
t∗a(F)
)
and to the
isomorphism of S–modules given in Lemma 7.4 respectively.
We are now in the condition to define the category of homogeneousH–comodules.
Definition 7.16. Let H be a Hopf sheaf. The category HMgr of homogeneous
H–comodules has as objects the homogeneous H–comodules and as morphisms
between two homogeneous H–comodules F ,F ′, the pairs (f, ta), where ∈ A is a
geometric point and f : t∗a(F)→ F
′ a morphism of H–comodules.
We denote by HMfin,gr the full subcategory of coherent homogeneous H–como-
dules.
Clearly, the subcategory HM0 ⊂ HMgr that has as objects the homogeneous
H–comodules and as morphisms
HomHM0(F ,F
′) =
{
(f : F → F , t0) : f ∈ HomHM(F ,F
′)
}
is equivalent to HM.
Example 7.17. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion; let HS = q∗
(
OG
)
be is associated Hopf sheaf. Then HS is a homogeneous
HS–comodule. Moreover, if z ∈ Z(G) is a central geometric point, then ℓz : G→ G,
ℓz(g) = zg induces an isomorphism of HS–comodules t∗q(z)(HS) → HS ; in other
words, (ℓz, tq(z)) : HS → HS is an isomorphism of homogeneous HS–comodules.
Theorem 7.18. Let S : 1 // H // G
q // A // 0 be an affine torsor ex-
tension and HS = q∗
(
OG
)
. Then Rep(S) ∼= HSMfin,gr ∼= ShRepfin(G)
op and
Rep0(S) ∼=
HSM0 ∼= ShRepfin(G)
op.
Proof. Let F ∈ ShRepfin(G)
op and π : E = EF → A be the G–vector bundle
associated to F (see Proposition 7.12). Then the action φ : G × E → E induces
a morphism of sheaves of OE–modules φ
# : OE → φ∗(OG×E) = φ∗
(
OG ⊗˜OE
)
,
which in turn induces a morphism of sheaves of OA–modules
π∗φ
# : π∗(OE) = S(F)→ π∗φ∗
(
OG ⊗˜OE
)
= [s(q×π)]∗
(
OG ⊗˜OE
)
= s∗
(
HS ⊗˜ S(F)
)
,
where S(F) denotes the symmetric tensor algebra built on F . Since the G–action is
linear on the fibers, it follows that the restriction to F is a morphism ofOA–modules
π∗φ
#
∣∣
F
: F → s∗
(
HS ⊗˜ F
)
. It is now easy to deduce from the commutative
diagrams of the action of G on EF that F is a HS–comodule. The functoriality at
the level of the morphisms is also immediate.
Conversely, given a HS–comodule F , we can extend the coaction χF : F →
s∗
(
HS ⊗˜F
)
to a coaction χ˜F : S(F)→ s∗
(
HS ⊗˜ S(F)
)
. Given a trivializing affine
open subset U ⊂ A (for F), the morphism χ˜F(U) : S(F)(U)→ s∗
(
HS ⊗˜ S(F)
)
(U)
induces in turn a morphism
φ : q−1(U)× π−1(U) = Spec
(
HS ⊗˜ S(F)(U)
)
→ Spec
(
S(F)(U)
)
.
Again, it is easy to verify that these morphisms are compatible, that the global
morphism φ : G × EF → EF is a G–representation, and that this construction is
functorial at the level of morphisms. 
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Theorem 7.19. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion, HS the associated Hopf torsor sheaf, and F a quasi-coherent, flat, homoge-
neous sheaf of OA–modules. Assume moreover that q
(
Z(G)
)
(k) = A(k) (that is,
that any geometric point of A is covered by a central geometric point). Then the
following are equivalent:
(1) F is a HS–comodule.
(2) F is a rational HS–comodule.
(3) F is a rational G–linearized sheaf.
Proof. The implication (2) =⇒ (1) is obvious. First, observe that, since S(F)
is a quasi-coherent sheaf of OA–algebras, Proposition 7.12 implies that S(F) is an
HS–comodule if and only if it is G–linearized sheaf, if and only if there exists an
action ϕ : G × F → F , where F = Spec
(
S(F)
)
. In particular, it follows that (2)
⇐⇒ (3).
Let F be an HS–comodule. Then the stalk F0 is an (HS)0–comodule; let χF0 :
F0 → F0⊗ (HS)0 be the induced coaction. Since F0 is a rational (HS)0–comodule,
there exists a directed system of finite dimensional (HS)0–modules F0,α ⊂ F0,
with F0,α ⊂ F0,β for α ≤ β and F0 = lim−→
F0,α. Let {f1, . . . , fnα} be a basis for
F0,α. Then there exists an affine open subset 0 ∈ Uα ⊂ A such that fi ∈ F(Uα)
for all i = 1, . . . , nα, with
(
〈fi〉OA(Uα)
)
(Uα) a flat OA(Uα)–module. We denote
J0 =
˜(〈fi〉OA(uα))(Uα); it is a flat sheaf of OUα–modules, with Bα = {f1, . . . , fnα}
a generator set of global sections.
Let a ∈ A be a geometric point, and consider ga ∈ G central and such that
q(ga) = a. Then ϕ
∣∣
q−1(Uα)
: q−1(Uα) → ϕg(Uα) = g · q−1(Uα) ∼= q−1(a + Uα) is
an isomorphism; thus,
{
g#(f1), . . . , g
#(fnα)
}
⊂ (ϕga )∗
(
F
)
(Uα) = F(a + Uα) is a
generator of the OA(a+ Uα)–module Ja = (ϕga )∗(J0) ⊂ F(a+ Uα).
Clearly, the morphisms g#a ◦g
#
−b induce transition morphisms ρa,b : Ja → Jb; the
subsheaf Fα ⊂ F obtained by gluing the sheaves Ja is a coherent, homogeneous,
locally free sheaf over A, of rank nα. Moreover, it is clear that lim−→α
Fα = F .
Let U ⊂ Uα be an open subset, and consider f =
∑
gifi ∈ Fα(U), where gi ∈
OA(U). Then χF(f) =
∑
giχF(fi) ∈ s∗(HS ⊗˜F)(U). Since χ(HS)0(fi) ∈ (HS)0 ⊗
Fα, it follows that there exists V ⊂ U such that χF (fi
∣∣
V
) ∈ s∗(HS ⊗˜Fα)(V ). Thus,
χF(f) ∈ s∗(HS ⊗˜ Fα)(U).
Since Fα is homogeneous, it follows that Fα is an HS–comodule. 
It follows from Theorem 2.36 and Proposition 2.40 that any torsor extension by
a connected affine group scheme, begin quasi-compact, is pro-algebraic. We can
extend this result as follows.
Theorem 7.20. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion such that q
(
Z(G)
)
(k) = A(k) and let HS be its associated Hopf sheaf. Then
HS is the direct union of Hopf subsheaves Hα, such that (Hα)0 is a finitely generated
algebra. In particular, S is a pro-algebraic affine torsor extension.
Proof. Let Hα ⊂ (HS)0 a system of finitely generated Hopf algebras, such that
(HS)0 is their direct union. As in the proof of Theorem 7.19, let {f1, . . . , fnα}
be a set of generators of (HS)0 as a k–algebra. Then there exists an affine open
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subset 0 ∈ U ⊂ A such that fi ∈ HS(U) for all i = 1, . . . , nα, with Fα(U) =(
〈fi〉OA(U)−alg
)
(U) a flatOA(U)–module; and we can further assume that χHS (Fα)(U) ⊂
s∗(HS ⊗˜Fα)(U). Since χ(HS)0fi ∈ (HS)0⊗(HS)0, we can further restrict ourselves
to an open subset V such that χHS (Jα)(V ) ⊂ s∗(HS ⊗˜ Jα)(V ), were Jα(V ) =(
〈fi〉OA(V )−alg
)
(V ). As in the mentioned proof, if a ∈ A is a geometric point and
ga ∈ Z(G)(k) is such that q(ga) = a, we consider Jα,a = (ℓga)∗
(
J˜α(V )
)
and obtain
by gluing a subsheaf of HS–comodule algebras Hα ⊂ HS . By construction, the co-
module structure is such that χHα
(
Hα(a+V )
)
⊂ s∗
(
Hα ⊗˜Hα
)
(a+V ). Therefore,
Hα is a Hopf sheaf. 
Corollary 7.21. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion. Then S is pro-algebraic of and only if it is a Rosenlicht extension.
Proof. By Theorem 2.43, any pro-algebraic affine torsor extension is a Rosenlicht
extension. Let S be a Rosenlicht extension. Then S satisfies the hypothesis of
Theorem 7.20, and therefore it is pro-algebraic. 
Proposition 7.22. Let S be a locally isotrivial affine extension and HS its asso-
ciated e´tale Hopf sheaf. Then RatShRep(S) is closed by colimits.
Proof. Let {Fα}α∈I be a directed system of coherent S–modules, πα : Fα →
A their corresponding vector bundles, and ϕαFα → F = lim−→
Fα the canonical
morphisms. Then by Corollary 2.21 there exists a cover {Uβ} of A such that
π−1α (Uβ) is trivial for all α ∈ I. It follows that Fα(Uβ) is a free OA(Uβ)–module;
thus, F(Uβ) = lim−→
Fα(Uβ) is a flat OA(Uβ)–module. On the other hand, the
morphisms (id ⊗˜ϕα) ◦ χF : Fα → F ⊗˜HS induce a morphism of OA–modules
F → F ⊗˜HS , that clearly satisfies the conditions of a co-action, by the universal
property of the colimit. 
7.3. A linearization theorem.
We finish by proving a linearization theorem for actions of affine torsor exten-
sions.
Definition 7.23. Let S : 1 // H // G
q // A // 0 be an affine torsor exten-
sion and π : X → A an A–scheme. An action of S onX is aG–action ϕ : G×X → A
such that the diagram
G×X
ϕ //
q×π

X
π

A×A
s
// A
is commutative
Remark 7.24. By the very definition, if π : X → A supports an S–action, then
X is an homogeneous fibration, that is t∗aX
∼= X as A–schemes for every geometric
point a ∈ A. In particular, π−1(a) ∼= X0 = π−1(0).
Corollary 7.25. Let S be a Rosenlicht extension and HS its associated Hopf sheaf.
Let π : X → A be an affine, faithfully flat, morphism of algebraic varieties and
ϕ : G×X → X an S–action. Then π∗
(
OX
)
is a rational HS–comodule.
In particular, HS is a rational HS–comodule.
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Proof. By hypothesis, π∗
(
OX
)
is an HS–comodule, hence it is rational by Theo-
rem 7.19. 
Proposition 7.26 (Affine linearization of S–actions). Let S be a Rosenlicht ex-
tension. Let π : X → A be an affine, faithfully flat, morphism of algebraic varieties
and ϕ : G×X → X an S–action. Then there exists an S–module F together with
a G–equivariant closed immersion X →֒ F .
Proof. Let HS be the Hopf sheaf associated to S. By Corollary 7.25, π∗
(
OX
)
is a rational HS–comodule. Let U0 ⊂ A be an affine neighborhood of 0 and B =
{f1, . . . , fn} be a set of generators of π∗
(
OX
)
(U0) as a OA(U0)–algebra. Then
there exists a coherent subcomodule F ⊂ π∗
(
OX
)
such that B ⊂ F(U0). Since
π : X → A is an homogeneous fibration, it follows that π∗
(
OX
)
a
⊂ Fa for any
geometric point a ∈ A. Hence, the S–equivariant surjection ξ : S
(
F
)
→ π∗
(
OX
)
induces a G–equivariant closed immersion X ⊂ F = Spec
(
S
(
F
))
; since S
(
F
)
is
coherent and flat, it follows that F → A is a S–vector bundle. 
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